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Continuum porous medium soil mechanics and its application in constitutive
relationship of unsaturated soils

ZHAO Cheng-gang, LIU Yan
(School of Civil Engineering and Architecture, Beijing Jiaotong University, Beijing 100044, China)

Abstract: It is firstly discussed that the theoretical basis of soil mechanics is not very perfect, and is still in a half-theory and
half-experience stage, lacking in a unified theoretical basis. It is pointed out that the continuum porous medium soil mechanics,
based on the multiphase porous medium theory, is a science used to describe the behaviors of soils in nature, which can be
regarded as a unified theoretical basis of soil mechanics. The important role of thermodynamics and internal state variable in
establishing constitutive equations based on the multiphase porous medium theory is then introduced. How to establish balance
equations of the multiphase porous medium and how to select and determine the governing equations in soil mechanics are
discussed. With regard to the complicated problem of unsaturated soils, a detailed demonstration and deduction of elasto-plastic
constitutive equations for unsaturated soils considering the energy dissipating and plastic volume deformation of air is proposed.
It adopts the multiphase porous medium theory, thermodynamics and internal state variable theory based on three generalized
stresses, i.e. the effective stress of unsaturated soils (equation (22)), matric suction and air pressure as three independent stress
state variables.

Key words: continuum porous medium soil mechanics; theory of porous medium; unsaturated soils; constitutive equation
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g, a =S, & o =85,
EQ= A =W, £—a= HS,; od =W
P;., & =a, ??”6";{: a=a

3.2 JEmFntEYEE RIS
HUEZHIRE (2007) USYRigik, LUK AT R E 4
A A - 2 D () MR S (LR 4 e
P 0 445 K 1 78 A 3o I AL 11 5% % BB E P, LR
(25)). PAIBEFEEA R AL AT IR AR Ny
D=E+8E+GE . (24)
E N a MR, ¢ (a=s,w,a) Jj o M1 &
FXHE P2 0y, e RS R 27 5k &7 gty As
P IIBR S T AR N

& =¢ (e, H,HH) (25a)
& =¢ (n HL HILHD) (25b)
¢ =gt (5 H HLHY) (25¢)

HE BB Ot T L 1 A B 45 b SR 4K B AR Ak
GRS AR rp A E S R 1 B R AR AL R L
¥R NH=H(H,H,,H,)-

H =H[HL,H!(H.s.n"),H(H,P,Z} )] » (262)

w? w*

H“,=H“_[H{._,H:_(H’ G.¢) H! (H. ,n' & )] (26b)
H,=H,[H,H](H,6,¢),H](H ,s,n" )] - (26c)

H RET a LW EHX AR, H H"
) HA S AT 25 R AR AR5 o AR S . 38 (26) KW
S 2 43 FE R 45 R ) AH F AR 32 2040 4 B S
SEMIHUIRAS I 5Em, 84T HAE S oAb A 8 45 4 5%
i

AR SC B AE PN S 45 R 1 AR A AN S 380 W ) Y
DI, 2N AAS AT P AR T 5
3.3 BEHENEHERT

MEEARRE R TR (1) Hk, ZRIRER
AR S, ] LAAS 2 A RN - A5 B g T 1

R (32). HIBE (2) 2SR PR R

b, Bk, MBI, WIS, . PRGN,

IEN

(b a8 oy 2 e
dv p dt

R BB RE R BERETI, BI4 38 (1D o 7% %,

W 11y A5

o BLAh 2N

p%:W—divq . 27
A )22 55 58 4T (Houlsby 2%, 2000) )
Tr+divg— %qograd T=20 . (28)

b g ARSI LR (specific entropy), T
WUFHRIE (T20). 430 (28) #T T2 F A HLIK
¥R D,

D=Tp+divg - (29)
ﬁ(%)%:m—%mngbﬂ%ﬁoﬂﬁﬂ&%%

By CRRRER AE BY AR BR R RO M3, IFH el

PUBRFERCAH EL CEFXE 4 0 7 s AR A + 0 220 5 ) il

WOER/NME . PP B D >0 . Rt
D=Tn+divg=0,

—%q-gradTZO o
X PIANANAE 3 A 27 505 5 T S A 1) %
P, M2 2 b #2352 (Houlsby and Puzrin'").
ik (29) fif i divg FRAK (28) 1

de .
—=W-D+Tn . 30
Pai o o
9 S0 = pSE U
%, HRLRBU Helmholtz 11 LT 47y
A=U-Tn - (31)
LOENNE) DR 7/ g R
d4_du_

dn dr
T_ — o
dr dr ( dr ik dr)
AR A SR R GREEA), X
AfRIR A

d4 _du .dn
dr dt dr
A 300 AL EA S
“4_w_p . (32)
dr

X G2 v ow HEh, HLHAEANA 2D; 4
A Helmholtz [ HfEFeR %L D M FERCEA R %L, 2N (32)
SEARSCRHB I H R e AB0E ARVRR - 1) B FE L4
EHE RN E ) R4 SRS A AR
G .
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S B ARBU A RES S T &I 2 R
A=A +A4,+4, > (33)
s (33) MRARK (32), IHHEX (24) n LI E]

A=6:6-C8 (34a)
A, =snS, —=¢rE (34b)

A, =-n(1=S)(P/K,)F, = &}& = Pn'é; = 16 (34c)
R (4e) WK, =p,dP,[do, » R VTR 1
JifEs (6) sk (5 A1

P+ pidivi, =0= p* [ p* =—divl, =&

P _dep)/dt _ip +n'p A py

P n'p, n'p, noop,
1dh _1dp _A_P 7 __w B
K, d p, dt p, p*' n o
2 (i) B ANIFRTAZBERS, RIS (34d) BRI
3 (34e).

X Helmoholtz [ H1fi1E4T Legendre A4t Ji5, 13 3]

Gibbs [ Hifig:

G, (6.H)=6:6—A(e.H,) >

G, (s,H,)=sn"—A,(n",H,)

G,(P.H,)=Pn'e, - 4,(8 .H,)-
oG

(34d)

G =6:6+E=—2:6+((6,H,)E, (35a)
o6
G, =n"s+{VEY = %s +¢ (s, H)EY (35b)
5
. . oG . .
G, =& +{7¢ =6—P"Pa +¢(PLHL)E (35¢)
3.4 BIBZThBAEEBEERR
(1) [A4H
ot (352) A7 FaUpkor:
aGs(a-"Hs)
== ), (36)
o6
oG, (6.H,) .
de=——"—"2:d6+¢&(6,H,+5H )-¢(6,H,) -
06 ® oG

(37)
SR R AR ) R T A A AR T S R, A
AT R Uk
0" =¢(6,H,+S5H,)—¢(6,H,)
B ('3“(};((5“',Hs +5H5) aGﬁ(&,Hs)

: 38
oG oG (38)
o’G (6,H
set —de—oer = LOEH) Go 0 as . o)
06 ® 06
(2) i
i, hat (35b) A Falioar:

_0G, (s,H,)

6‘(5)

w

(40)

w

n

— %ﬁ:l_{“)dq +n" (S, H“_ + (S‘H“. )_nw (Sa H\\')°
52
(41)
o P 4 AT S R TSP T
5-’?“? = nw (Ss H\\' + 5H\\' ) - ﬂ“. (S’ H“' ) ’ (42)
°G, (s,H,)

é‘n\\‘e — dn\\' ~

_ é‘n\\'p —

(3) M
Ffeth, st (35¢) A3 F ko
—._0G,(P.H,)
« _W

ds=M_ds. (43)
s

, (44)

G, (R:H,)
oy
& (P.H, +6H,)-&/(P,H,)- (45)

YEPEAR T T G AR T 5 A, PR
ge," =&/ (P, H,+0H,)-&/(R.H,) »  (46)

dE) = -

v _qmi a0 G (PH,)
05 =dEl -5 =— 2 dP =M, dP. (47)
o(ny
T n'=n1-8,), V,=n"V, Bl
g=Le_gnindl (48)
v v
HAHA, dV =0, XN
g =dn" =dn(1-S,)-ndS, =-ndS, , (49)
XIF, nSP=-g ; nS‘=-g , (50)
3.5 IHAIREBMSMRIARER (locked energy) IHEJ
TIPS A - fit
dA=W*+W*-D,
dA, =6:86°+6:06" - 68, (51a)
dA, =s6n" +s6n™ - 6E", (51b)
dd, =ROF + POE -¢/05 - (5l¢)

A (51D A 5 IO WA 1)y, iRk SBET) o
4k Collins (2005) POfRyiskit, W4k ohal 43 4 &Ko)
FORER 2B, B R f

G:0"=a:06" +(6—a):0e" =a: 0" + o, : 06",
(52a)
son™" = fon™ + (s — f)on™" = fon™ + f,6n"", (52b)
P.0&;" = g0&;" + (P, =)0, = cog;" +¢,08," . (52¢)

o ETIN ), ERES AN AT I, WE
LU B ) o A AE IR AT B e b g
B I S SR Th Rl 3 i 85 e e RRE REOM 35840
CONFERL Z DA . B, ¢ Fla —FE, HARIEA]
72 53 )55 SROHHAT AAEDNS L PR T I
3.6 JEICIFIEFN LAY ERE A T I2 AR IS HESE

C1) Je AR T ) T e
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BE de™y on™, og," LI SE" (a =s,w,a) W&
) [l PEAR o T E AT AT BAZR IR () s
oe® =m(L)) » (53a)
on™ =sgn(sn"*)(L,) - (53b)
oz, =sgn(35")(L,) - (53¢)
S =r"(L,) - (54)
X (510 RWIEVED S 70 il oy &5 i) 2%
DHRERC2BYE D)y o iy i e FE iU 2R D) A 8 1

A A B A5 A B ERTHE S B A . BIEGE T 3 URr

G, 06" — 88 = (55a)
By —CNSEY =0, (55b)
CpOER —IE =0 . (55¢)

J-[IITIO—D (h ) Bp=s=p) ¢, =(Fn" =¢) 1

A (53) Al (54) RN (55) Jui ki 5 vl BAROR

H

fd=fd(gm5’H)=o—D < ) ¢ s( ) 0 , (56a)

ﬁ\. f (ﬁb’s H ) ﬂbsgn( ](LU\) < \\->:0’
(56b)

j;d f (gu! a? ) g.‘JSgn(‘S_dp)( >_§:Hr:u( > 0,
(56¢)

o' _

a=a(eHd,); B=p(n".H,): ¢=¢(2/.H,). (58)
sk (58) HEAT Legendre 2846t 5 1
a=a(é,H,); B=B(sH,): T=5(P.H,)- (59
(2) [#H4H
A TH L2033 7 FERLN: 2% 18] o ) i i, 76 3T
SNy asa], R ek B (56) nIERR A
fi(6.H,)=f"(6-a(é.H,),6,H,)=0 « (60)

BT

df, = A :d6+ f,(6,H, +5H )~ f.(6,H,)=df’
G

SR S P /S AV P

o(6-a) o(6-a) o6 acr

0 , - .

8(o-f )(S'a’ +[f(0,.6,H,+5H )~ f(0,,6,H,)]
oa or! b —

=(m—m‘% %J dG+(8f% —m:5a")=0, (61)

o
4 m—m: oa af H=if, (62a)
66 éa lileg
f(G.H, +SH )~ f(6.H,)=5f" —m:6", (62b)

M= (41) "5k
df =p:dé+f(6,H,+5H)- f.(6,H,)=0, (63)

ik (62a) Fa (63) AJ WIEME R AR ACAS L 55 Jii A T
SfoIEZE .
b SRR N A T £ 1R A R A A
FH PN EB G5 A I N AT 5 DR A CERFF LA 1 P A
AN ) W ) T A A IR S AR A 5 [
BERE R R TR ROR Ny
oa’ =a(6,H, +SH,)-a(6,H,)
=[@(6,H.+5H, H!\H)-&(6,H,H!,H) |+
(a@(6,H.,H+5H \H)-&(&,H,,H!,H]) |+
[a@(6,H. H!\,H+S5H)-a(6,H,H,H)|
=c¢,(L)+c,dn" +c,dE;, (64)
Horp
[@(6,H! +SH. ,H!\H-a(é,H!,H'\H"]=c (L),
[@(6,H. ,H+SH!,H"~&(6,H!,H',HN]=c, dn",
[@(6,H! ,H!H"+ §.H",~&(6,H!,H!,H] =c,dE .
FACN, SR £, ER P TR +Jﬁﬁ&;@&1&é[ﬁmlﬂ
JiFEN
Sf* =z (L)+z,dn" +z,dE; . (65)
ok 64) F1 (65) RN (61)
df =p:d6-K!(L)-K!dn" —K"dZg =0 , (66)
Hrp

K =m:c, s Ki=m:c —z,5s K'=m:c,—z, .(67)
f(m)*W() it BRI ARk
au Kl“ w KP —u
L ==—:d6-—dn" ——-dg . (68)
K K’ K

p P P

B (53a) WA USRS Y

K! K"
e =m(L)=h(L, )[’"&” dG-m—Ldn® m—de,.;'}
(4 KP KP

(69)
A (39) Az (69) n LA 3]
d£=53”+53"={M5+h(&)m§#]:d6’—
P
Kﬂ' . L
h(L)—Zmdn" —h(L)—Lmdz . (70)
Jx g
X (700 AT LIS Rl MY JEaC:
dé=A:de+I1 dn" +11_d&’, (71)
_;I:I;|||
-1
A=| M4 n(L)22E ) _pop(r)EmOsE
K, HiE: m+K
n“.:h(Lg)K;E:m M - h(L)KJE :m Mo
y‘E'm+K uiE: m+K '

(3) RUAH TP A AU HE 41
WL (53b) Fil (54) fEAL (55b) HiIHIE
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Zo 43 B0 THFE RO, ) 2% 1) e 1 S0 et R 1 7 X
(56b), {EELSEN ) A3 ) Al AR
fo(s.H)=fi(s=B(s.H,).5,H,)
=—(5—ﬂ)sgn(5n“’)—r; e
=—(s-B)sen(6n™)-m,=0 .  (72)
Hrh%: @, =r"¢Y, H—BEAME

i

df, = f“ ds+f(sH +8H )~ [, (s.H,)

a(s_ﬁ)ds—a‘“w ds+
os s

=d f! =-sgn (5?’:“"’)

sgn(&r‘:“"')c'i}‘f?P —oa@’

" op| dm,
= {—Sgn ((5?‘? P )[l - E] K}d? +

sgn(ﬁn“'“)5[_3“—5w“:, =0 . (73)
-'H.i_fﬁ i I_W gy AL 4] E‘_ﬁ“] B [ 5 R ] PR s
88" =B(s,H, +5H,)-B(s,H,)

=[B(s.H, +SH, H, ,H!)- (s, H,H],H])]+
| B(s,H H, +5H! ,H])~B(s,H,,HI,H)]+

[ B(s,H),,H,H!+5H)=B(s,H,,H},H)]

W W

=b,(L,)+b,:de+b,dE; , (74)
s’ =w, (.S‘,H“. +0H,, ) -, (S,H“. )
=g (L,)+g de+g dE - (75)

L (74) R0 (75) ARAFI (73) th, wTLLER

51

wp p| oa’
df“_z{—sgn(é'n )[I_E]_K}x

[ds—H(L,)-H]:de—HdE |=0 .  (76)

_Hlll
. sgn(é‘n“")b -g.
= ~sen(6n™)[1-0p o5 | +oa? Jos (772)
sgn(ﬁn“"]!:'s -g.
" » , b
B (6n*)[1-0p/os |+ oar? Jos )
_ sgn(é‘n“ )b - g,
Hy= sgn(§n“]’)[l—aﬁ/as]+6w Jos (77c)
U (76D T (L, VR, ARER i 2
%
(L.)= H, ds =g ide—grdz, (78)

A (53b) AT LA 2L 4 H
on™ =sgn(on"")(L, )

=sgn(on"") Ld:;— If:ds—i':wda_‘.‘.‘ v (79)
H' H' H; !

P P

AR L (43) F1 (79) 45

dn\h- =5n\\-u + 6'”“? = [M ) +

{sgn(é‘n‘m)ij dg—[sgn(ﬁn“")ﬁﬂ g . (80)
A (80D thnfels st A
HF
ds= . dn"
’ [M“_H;+sgn(5n“"’)} "
H: tde+
[ w p/sgn(ﬁn ") J
Hy dg;/
[M _H;/sgn(ﬁn“’”)+q
=Ydn" +Z2 :de+E,dE; - (81)

(4) AHFR IR PEASADUHE 22
AL (53¢) M (54) AR (55¢) Hiific
249 3 T AU E iy S X(56¢), R ECSERY J) 4% ]
T G PN
L (PLH )= £ B =G (P H,), B H,
=(P,-%)sen(d5")-<ir;
=(P -%)sen(d5")-@,=0 , (82
4 @, =, 8RR
df, = f“dP +f,(P.H,+6H,)- f,(P.H,)

o(P -z
=d =sgn(6€-?”)—( > ar, -‘ZP“ dP, -

a

sen (057 02° - 60

“pie) - a] e

sgn (82" ) 55" —da? =0 (83)
Hrf W-ﬁﬂ-u’r’élfrd{dvﬁd&’él@%ﬂ?ﬁﬁﬁﬂﬁ&'fﬁ

6" =Z(P,H, +6H,)-Z(P,H,)

P, H+38H,H!,H!)~Z (P, H,H/,H) |+
JH!+SH!,H!) = (P, H.,H!,H") |+
H, Y+ SH.)~Z (B, H., H.,HY)|

) +w ide+w dn” (84)
(P.H,+6H,)-@,(P,H,)

(L)+1 :de+1 dn" . (85)
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250 (84) F1 (85) AAAF|Z (83) thdk, wLAIFGH

or e - G-

[dP.-G/(L,)-G}:de~Gl'dn" |=0, (86)

Horp
. Sgn(cﬁ;' )wa + 1“ ] (8?3)
sen(0%; [1- 05 /or ] -0, /P
PR (L
sen(0%; )[1-0/0F. ] 0, /oF
. sgn(5_ w, +1,
oo 87
o e A RN
Rk (86) PHI(L, ) i
G Gy
(L )=idP— Dide——2dn" . (88)
G )

FIHR (53¢) = Um‘%']

Oe"
g =san (g1} - 2 ) g

p

L GM
g )—=L:d g )—dn" 89
sgn( » )Gp & sgn( )G n (89)
FIHIZL (47) F1 (89), nILAFGE|
) sgn 5_ ”
dz) =0 + 68" =| M e

L

{sgn(a— p]g

]ds—{sgn(&‘f’)c‘;‘]dn' o (90)

A (900 ] LS st A
dP = S, de! +
' MG, +sen (65"
G
M G;/sgn(éaj’”)+l
Sy dn
G'/sgn(rﬁ'éf")ﬂ
=I'dg/ +Q_ :de+Q dn" 91
(5) AR -5 B PEHESR L 45
MRS LA e T DA 2] T W R AR KR
do=A:de+Il dn" +I1 dg; , (71)
ds=Ydn" +Z :de+E,dg; (81)
dP =T'dg/ +Q_ :de+Q_ dn" . 91
MK LT R AT BLE B, AR A R *H
R E MRS G AR . XA BARIRE A,
S REAR LT 6 S M AR RN L i S Brtis o0, JEIZ E_I
DS AR (ARG ORI 2B AR T A - (i, X
J& H R AR IR 2 R A AN S

4 4 I3

ARSCAA T HEESAL IR W )27 (B Bl R0
G AT AR AR RIS HESE . ESALERA T+
S8 T ZALE Y LS . ABh )R AR R
W, A A E T TR AL T X — w9 JE i
I 0 T G R B P Sl . 7Rk
TR AR SC RIBIBAELE h, HOCHRE R Z4 A
) AR BRI A RS R BORFE AR B SCPiE
eSS T AR ok, AN RE R RE R
T LN A f R AR BB S D), JEIANE
1 Jg A8 e T e R N S a5 R ARk, R 4R T A
fERIER . SRR A eIk =5, I Xt
MR b AT T 200, 4530 T AEROR S A
AR (WL (71D, (81) em, (91))c. MILAN) Ty
Rl LA R, ZEARdR b, L 3. MR A
HEm IS E 1. ﬂixﬁ.LH EI’J?M’J}JF’ 5O
(AR A g iy RO A B I i A g T AU fie e
HOAEPEAR TE I 50

Z HALBRA RS NIEA P B R, B X
I R LA DA T RO 2, BT AR R HESE
IR I AR R v LA s RN, BT 8
M2 A BRI BEVE BT, PR BRI, 23T ¥
26 it AR B E TR AT TS R R . B LLX A
PR AT RGeME, x5 Rh R R 1025 it FLAT — 3,
A LAIBE Gt AN YR 0 518 o SEARUR A —Fh =
MZALAN T, BB IS, 854 52 brhi i i
B B, AR B A, R Rl i S R A
T AR BERLKG 24— MR AR IR T . BT
TR A SCAN & R 4, S TARMUR AR SE R I
S0 A LA R 56408 o SCes .
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