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Analytical solution for estimating surface settlements induced by multiple tunnel
excavation

: 1 2
ZHOU Xiao-wen ,NGC W W
(1. South China University of Technology, Guangzhou 510640, China; 2. Hong Kong University of Science and Technology, Hong Kong)

Abstract: The derivation of an approximate explicit analytical solution was presented to calculate three-dimensional surface
settlements due to the excavation of either single or multiple tunnels in a homogeneous elastic soil. This solution was based on
the integrated form of Mindlin’s equations and Taylor’s series expansions. Surface settlements due to the construction of
tunnels with an arbitrary orientation during the tunnel advancement with and without supporting pressure could be modelled by
using a stress relief coefficient. The derived analytical solution was verified by carrying out a three-dimensional finite element
analysis of a single tunnel excavation. The discrepancy between the simplified approximate solution and the finite element
analysis was less than 9%. The usefulness of the simplified approximate analytical solution was demonstrated by analyzing two

parallel and two cross tunnels.
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Introduction ground

the

Prediction of surface ground movements due to
tunnelling in urban areas is essential. Two different
approaches may be identified for the prediction, namely,
empirical methods and theoretical approaches including
analytical and numerical methods. Peck!" and many
others such as O’Reilly and New!”, Attewell and
Woodman °! proposed the use of a Gaussian distribution
to approximate the transverse and the longitudinal
surface settlement trough over a tunnel, respectively.
Despite of the great success of the empirical methods for
engineering applications, these methods do not
contribute to scientific advancement significantly and

have severe limitations on the prediction of three-

numerical methods such as the finite element method can
potentially overcome some of the shortcomings of the
empirical methods. However, the benefits of using the
numerical methods are often outweighed by the
sophistication of constitutive models and parameters
involved and the high demand of modelling techniques
required.

Sagaseta'

presented a closed form analytical
solution for the strain field in an initially isotropic and
homogeneous incompressible soil due to near-surface

ground loss. His results are simple, especially for the

Received date: 2006 - 10 - 12



1704 a b

movements of soil surface in an undrained manner.
Sagaseta’s solution is very useful for cases in which the
imposed boundary conditions are only or mainly in terms
of displacements, i.e., strain-controlled problems such as
the use of volume loss to estimate ground settlements.
Verruijt and Booker”! generalized Sagaseta’s solution for
both incompressible and compressible cases and
included the effect of tunnel ovalization. The accuracy of
these methods depends on the appropriateness of an
estimated ground loss. However, three important
limitations of the developed analytical solutions such as
the prediction of three-dimensional ground settlement
profiles, the effects of multiple parallel or cross tunnels
interaction and the influence of supporting pressure
variation on ground settlements cannot be overcome
easily. In this paper, a simple approximate analytical

1 is derived to

solution based on the Mindlin’s equations
overcome the three limitations. The derived analytical
solution is verified by carrying out a three-dimensional

finite element analysis.

1 The approximate analytical solution

The solution consists of two parts: shift of the origin
of the Mindlin’s equations for calculating displacements
due to point forces and making use of the equations to
obtain settlements at the ground surface due to stress
changes associated with an excavation of an arbitrary
cylindrical volume of soil.
1.1 Shift of origin for Mindlin’s equations

Mindlin’s original equations were set up in a
coordinate system in which point forces are applied
along z-axis at (0, 0,w). In the case of point forces
acting at an arbitrary point (u,v,w), shift of the origin is
required for using the Mindlin’s equations (Vaziri, et
al™). As shown in Figure 1, three point forces, P, Q
and T are applied at a point (u,v,w), respectively at
the positive z-, x- and y-axis. For any point
(x, y,z) within the half-space, the displacements induced
by the three point forces can be derived by coordinate
shift in Mindlin’s original equations. Just vertical
displacement (i.e., settlement) at the ground surface is
concerned in this paper. Thus at any point (x,y,0) the
following formulas are obtained by the shift of origin:

5 L[MW_] , (13)
4nC; R R’

B 2007 4
Qx-u)| -w (1-2p)
= — |, Ib
¢ 4G L@ R(R+w]:| (1b)
8y :M[__‘T_I.M} ) (1c)
4nG | R° R(R+w)

where 6,, J, and o are the vertical displacements
induced by the point forces P, Q and T, respectively; G is
the shear modulus and  is the Poisson’s ratio of the
elastic soil: R = \/(x—u) +(v=v)’ +w’ .

(aws—w),

Surface

(53,7)

Fig. 1 Coordinate system
It should be noted that the point forces P, Q and T
can be simply replaced by force increments, AP, AQ
and AT ,

displacement due to stress changes in the ground, for

if one is only interested in vertical
instance, the stress change in tunnelling advance.
1.2 Configuration of tunnel excavation and stress
changes

Figure 2 shows the geometry of a horizontal circular
tunnel to be excavated. The longitudinal centre line of
the tunnel. parallel to the v-axis. is located at a depth. /.
below the ground surface. The circular tunnel with radius
r, startsat y=w, andendsat y=yv,, i.e., an arbitrary
length L of the tunnel is equal to v,—v, . For
calculating surface settlement at any point (X, y,0) due
to stress (or force) changes as a result of the tunnel
excavation, changes of forces acting on three boundary
excavation surfaces of the tunnel should be considered,
i.e., two end cross-sections symbolised by EF| and EF,,

and the cylindrical curved surface (CF).

Gronnd surface

Fig. 2 Geometry of tunnel
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To calculate the induced seftlement, one can
consider the excavation of an infinitesimal thin slice
ABCD with thickness (or length) dv of the tunnel shown
in Figure 2 first. This infinitesimal thin cylindrical slice
is bounded by two vertical faces, CX; and CX..
Therefore, the total induced settlement is the sum of the
contribution from each infinitesimal thin slice, the sum
can be obtained by integration tov .
1.3 Surface settlement induced by excavation of an
infinitesimal thin slice

Figure 3(a) shows an arbitrary curved surface 1234
located on the infinitesimal thin slice ABCD. The
changes of forces, dP and d@, acting on the surface in
the respective x- and z-direction as a result of tunnel
excavation are shown in Figure 3(b).

rylcosg)da

& (sin@)dé

B dap

(0.0h)
( b)) Forces acting on element 1234

(a)Excavation surface for O<0<0;
Fig. 3 Forces acting on curved surface ABCD

To determine the magnitudes of dP and dQ, it is
assumed that the initial horizontal effective stress in the
ground can be calculated from the earth pressure
coefficient at rest, k,. To facilitate possible modelling
of a pressurized tunnel during construction, a positive
stress relief parameter, &, is introduced and defined as
follows:

k=Ac, /o, (2)
where o, is the initial effective overburden pressure,
Ao, is an effective stress reduction (relief) in vertical
direction. If k =1, this means that no supporting
pressure is applied inside the tunnel (i.e., full release of
stress). On the other hand, if 0<k <I, this means that
some supporting pressure is provided inside the tunnel
during excavation (partial stress relief). Of course, if
k =0, no change of stress (no relief) is permitted or
imposed.

With the above considerations and reference to
Figure 3, the changes of forces dP and dQ due to
tunnelling can be readily written as follows:

dP = ko, (A cosO) =k phrycos@dbdv , (3a)
dQ = —kkyo (A 53, 8in @)dOdv = —kk, phr, sinGd&dv ,
(3b)

where p is the density of the ground, &, (=ph) is
the initial overburden earth pressure acting at the depth
of tunnel center, & is the clockwise angle measuring
from the crown of tunnel, A,,;, (=7,d&dv ) is the area of
1234,
rycosf@dfdv and rysinfdédv are its projections on

the infinitesimal small curved element
the horizontal and vertical planes respectively (see
Figure 3(b)).

For the two boundary faces CX, and CX, (see
Figure 2), the horizontal force change d7, acting on an
fan-shaped  area 1'2'3'4" (ie.,
A5, (rd@dr)) along the longitudinal direction (y-axis)

of the tunnel (see Figure 4) during excavation can be

infinitesimal

written as follows:

d7} = kkyo A yy, =kkophrd@dr . (3¢)
where r is the radial distance of the element from the
centre of the tunnel, 0<r<y,.

di; It
1

(0ahr)

Fig. 4 Forces acting on cross-section

For the opposite cross-section CX,, the
corresponding force change d7; is:
dT, = —dT, = —kk, phrd 0dr (3d)

The point forces dP and dQ are both acting at
(rysin@,v,h—rycos@) , whereas d7; and d7, are
locating at (-rsin@,v;,h—rcosd) and (-rsind,v, ,
h—rcos®), respectively.

For any surface point ( x,y,0), the settlement
components, Jyp,0,4,0; and g, can be obtained by
substituting Equations 3(a)~(d) into Equations 1(a)~(c)
as follows:

Sy =k (1= ) phry cos@

——dédv+
2nG Ry

phry cos@(h— 1, cos6)’

4nG Ry

k

dédv , (4a)

phry sin@(x —r, sin@)(h - rycosd)
dnG Ry

Kk, p=2u)hr,  sin@(x—r,sinf)
4nG Rep (Rop +h—1ycos8)

81 = kk, dodv -

dédv, (4b)
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pPh(y=v) r(h—rcosé) vy 6
Oar; = —hko == R dor where 7, = [ [f0.ndodv (i=1~4),
v 4
ph(l=2)(y—v) r U
kky drd@ ., (4c)
4pG Rey (Rey +h—rcos0) £O,v)= cos @ £, (O,v) = cosB(h 3r0 cos8)’
S = kk ph(y—v) r(h—rcosé’)d 40— Rer Rep
ar, = Ko™ R r £1(6,) = sin@(x - r, sn;;é’)(k — 1 €08 9)
ph(1=2)(y —v) r CF
kkq _ drd@ , (4d) sin @(x — r, sin @)
4nG Rey (Rey +h—rcos@) JACRY 0 )
where RCF(;‘{Gr +h—r,cos8)

Rer =\(x—1ysin0)* +(y=v)> + (h—rycos6) »

Rey =+/(x—rsin@) +(y—v)? +(h—rcos6)’

Therefore, the total surface settlement induced by
excavating the infinitesimal thin slice is the summation
of the settlement component (Sapcp) due to changes of
forces acting on the curve surface ABCD and the
component settlement (Scy) caused by changes of forces
acting on the two end sections CX; and CX,. The
settlement components, Sigcp, and Scy, can be obtained
by integrating and summation of the contribution from
Sy4p+O40+ 0y, and 5:”9 as f'o]lows

Sane = ( [(Gpd0+ Jé‘dgdﬁ)dv )
6 4
a7, & 1
Sex = Sext + Seya = J‘J‘ad, dodr + J‘J‘&d, dodr . (5b)
6, 0 6,0

Obviously, for a circular tunnel with radius r,, the
limiting angle @ lies between 6 =0 and &, =2n
and the radial distance r goes from 0 to ry.

1.4 Total surface settlement due to the excavation of
entire tunnel

Now it is appropriate to consider the total surface
settlement at any surface point (x, y,0). If §; is the total
surface settlement due to the changes of forces acting on
the entire curved surface CF along the length of the
tunnel, i.e., L= w—w, it is in fact contributed by each
infinitesimal thm sllce ABCD (see Figure 2). Thus, by
making use of Equation 5(a), S; can be obtained by
integralion and written as beIOWS'

S, = jsmm j j S,pd0dv + jjﬁdodﬁdtr
Yi v 6 " G
_ A= m)phr !1+k»0h’h L+
2nG 4nG -

p(1=2p)hn, i
Ep——

phr,
Ky = 1. — kk
Y4 P " dnG

) (6)

The cumulative effects of all internal d7; and
d7, acting on each internal infinitesimal slice on the
total surface settlement are cancelled out each other,
except the two forces acting on the end faces, EF, and
EF,, of the tunnel. Thus, if S,
settlement induced ( Sy + Sgp, ) by the boundary forces

is the total surface

d7, and dT;, then by considering the expression given
in Equation5 (b), S, can be simply written as follows:

& " & 1y
Sy =Sppy + Sppy = jj&drdﬁdr+ J'J'.sd,dedr
G0 6 0
= —kky phy-v) I+ kk, (=2mphty-v) I+
4nG ’ 4nG
Phly—v,) (=2 ph(y-v,)
kk, ———=1, —kk =1, . (7
a7 o 47G 8 (7
where
& 1y
= [[f0.0)drd0 (i=5~8).
g 0
r(h—rcos@
fs("'vg):% ,
EF
,
r,0)= ,
f(r.6) Rep (Rpp +h—rcos8)

Rep = \/{X— rsin@)’ + (y—vw )’ +(h—rcos@)’ ,
f5(r,0) and fy(r,0) have the similar expressions to
fj(rsg) and fﬁ(rsg) s

obtained by replacing v, with v, in the expression of
Ry .
For simplicity, f(8,v)

respectively, they can be

to  fy(r,8) are firstly
approximated with polynomials using the Taylor’s series
expansion. The integrals of I, to Is are then carried out,
the expressions are shown in Appendix. /; and [
similar

have the expressions with /s and g

respectively, just replaces v, with v,.
The total surface displacement is the summation of
S1 and S, as follows:
1 — w) phr;
(1 p)phry 14k

S=8+85,=k
2nG

phr, 1+
anG 2
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Ky phry 1, -k, (1=2u)ph, 1, —kkg ph(.\'—w}!j N
4nG 4nG 4nG
o (I=2u)ph(y - v) I+, Ph(y —v,) I -
4nG 4nG
(1= 24)ph(y = v,)
kky ————==1; . 8
0 4nG s ®
The above equations are programmed in

Mathematica 4.0 to calculate surface ground settlement

and to draw two or three-dimensional settlement profiles.

2 Verifications of the approximate
solution
2.1 Three-dimensional numerical finite element (FE)
analysis

In order to verify the approximate analytical
solution, the finite element method (FEM) is used to
model a tunnel constructed in an elastic soil
three-dimensionally. The finite element mesh generated
by a commercially available computer software —
ABAQUS (Hibbitt, Karlsson & Sorensen Inc (1998)"") is
shown in Figure 5(a). Only one half of the tunnel and the
ground are analyzed as a plane of symmetry is identified
at x=0. The finite element mesh is 124 m long, 54 m
high and 162.5 m wide, the boundaries of the mesh are
enough far away from the tunnel for eliminating the

influences of boundary restraints.

FH il
il

L LARMARLTRRERAA

Foa

{ b ) Close-up view of tunnel zone

Fig. 5 Finite element mesh

The mesh consists of 5040 elements and 5642 nodes.

Eight-node elastic brick elements are used to model the

soil. Roller supports are applied on all vertical sides of
the mesh while pin supports are assigned to the base of
the mesh. Therefore, the movements in the normal
direction to all vertical sides of the mesh and the
movements in all directions at the base of the mesh are
restrained. The tunnel diameter, D, is 9 m; the cover
depth to the crown of the tunnel, C, is 18 m.

Table 1 summarizes the parameters used in the
three-dimensional FE analysis. During the FE analysis, a
segment of the tunnel, L=9 m, is excavated as shown in
Figure 5(b). No supporting pressures and no lining is
applied during excavation, the stress relief coefficient
used in the analytical solution is 1.0.

Table 1 Summary of parameters

Parameters Magnitude
Tunnel diameter, D/m 9 (rg=4.5 m)
Cover depth above tunnel, C /m 18(h=22.5 m)
Unit weight, //(kN * m ) 15
Shear modulus of soil, G/MPa 7.69
Possion’s ratio of soil, g 0.30
Earth pressure coefficient at rest, k, 0.49
Tunnel excavation length, L/m 9

2.2 Comparison between numerical FE analysis and
analytical approximation

Figure 6 compares the settlement profiles obtained
by the numerical FE analysis and the analytical
approximations at the middle section of the tunnel. It can
be seen that the shape and the width of the settlement
troughs computed by the two methods using k,=0.49
are very consistent, with only small difference in the

maximum settlement, S at the centre of the

max  *

settlement troughs. The computed § are 6.4 mm and

max
7.0 mm by the analytical method and FEM respectively,
equivalent to an 8.6% error if the FEM can be regarded
as error free. This magnitude of error is likely to be
acceptable for most of preliminarv engineering design

calculations.

[

o

Dhisplacement/ min
FY

Numerical
—e— ;=049
E

Fig. 6 Transverse settlement profile due to excavation of a
single tunnel
In order to demonstrate the usefulness of the
ground settlements are also

analytical solution,
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calculated using different 4, values (i.e., 0.75 and 1.0).
As expected, the depth of the calculated settlement
trough increases as the k;, value decreases.

3 Applications of the solution
3.1 Settlements due to excavation of two parallel
tunnels

Figure 7 shows two parallel circular tunnels. The
two tunnels are 4.5 m in radius (or D=D\=D,=9 m in
diameter) and separated at 18 m (i.e., 2D) from the
centre-line to the centre-line (¢/c) of the two tunnels. The
cover depth (C;=C,) is 18 m from the ground surface
and the length L is 36 m (ie,
L=1L =L, =4D). The elastic soil is assumed to have a
density of p=18 kN/m® with an initial earth pressure

excavation

at rest, k, =0.49. The elastic parameters of the soil are
to be G=385MPa and wx=03. To
illustrate the capability of modelling supporting pressure

assumed

used in tunnels, the stress relief coefficient, k, is set to be
0.5, which can be regarded as supporting pressure equal
to 50% of the initial earth pressure is applied inside the
tunnels to maintain face stability during excavation.

¥y
U/
X

AL

unit: m

45
9 |9

Fig. 7 Cross-section of two parallel tunnels
Figure 8 shows the calculated three-dimensional
settlement profile and the transverse settlements due to
the construction of the two tunnels. The contribution of
each tunnel to the total settlement is illustrated in the
figures. The resulting settlement trough is the
superposition of two settlement troughs due to the
excavation of a single tunnel. The maximum settlement
is 20.5 mm located on either side of the centreline of the
two tunnels.
3.2 Settlements due to excavation of two cross
tunnels
Figure 9 illustrates the dimensions and the
orientation of two cross tunnels. The two tunnels have
the same diameter D=D,=D,=9 m. The lower (or deeper)
tunnel has a cover depth C;=4D and an excavation

length ;=100 m; whereas the upper tunnel has a cover

depth C,=2D with an excavation length L,=50 m. The
values of k,, k, and soil parameters are the same with

the case of above parallel tunnels.

{ a ) Three-dimensional settlement profile
X1
-10 -6 -2 2 6 10

0 1

5

101 D=D,=[)=9m
t 15 (j=(3=18m
= 20 l4=12=36m
£ a5 fe=2Tm

(b ) Transverse settlement profile

Fig. 8 Settlement profile due to excavation of two parallel

tunnels
W
i
S
A A
t 0 _1_ ]' — J X
[l — =
] 4
& O
ORI
X I
%= khe unit: m
(a ) Plan view (b )Section A-A

Fig. 9 Dimensions of two cross tunnels

Figure 10 depicts the three-dimensional settlement
profile and transverse settlements along the longitudinal
centre-line of the upper tunnel. As expected, an
unsymmetrical settlement profile about the x-axis but
symmetric about the y-axis can be clearly seen in both
figures. The transverse settlement trough does not follow
the Gaussian distribution because of the unsymmetrical
orientation of two tunnels. The maximum calculated
settlement is 19.2 mm.

4 Summary and conclusions

An approximate explicit analytical solution, based
on the integrated form of Mindlin’s equations and
Taylor’s series expansions, has been derived to calculate
two- and three-dimensional surface settlements due to
the excavation of either single or multiple tunnels in a
homogeneous elastic soil with an arbitrary orientation
during tunnel advancement in less than a few seconds.
An arbitrary supporting pressure can be modelled inside
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the tunnel by using a stress relief coefficient. The derived
analytical solution has been verified by carrying out a
three-dimensional finite element analysis of a single
tunnel excavation. It was found that the discrepancy
between the simplified approximate solution and the
finite element analysis was less than 9%, which is
considered to be accurate enough for many preliminary
engineering analyses and designs. The usefulness of the
simplified approximate solution has been demonstrated
by analyzing twin parallel and two cross tunnels.

(a ) Three-dimensional settlement profile
xih
-12 8 4 0 4 & 12 16

!)]_F),1=.r)=9m

10 (}=18m
(,=36m

15 1,=100m

20 [2=50m

Displacement/ mm

(b ) Transverse settlement profile
Fig. 10 Settlement profile due to excavation of two cross
tunnels

It should be noted that, for soft rock or soft soil
ground, the analytical solution may contain considerable
error because of its elastic supposition. But at low extent
of stress relief (i.e., good supporting procedure in
tunnelling in most cases), the analytical solution is still
available.
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Appendix:
With the help of Mathmatica 4.0 (1988), Expressions of

1) ~ I in equations become

— V=V,
I =[{A18+A2 sin@+ Ay sin 26+A451n36}::gz] ,
T dw=y

- V=,
I = {B|9+stin9+335in29+B4sin39}3;22] ,
V=¥
0=6,"™"
M] '
o=6, """
) }

. . 6=0, "N
Is = {E|9+Ezs1n9+E3sm29}g= } ,

[
[

Iy = [{D,f) + Dy cos@ + Dysin 29}
[ A
|

r=0
g=0,1"""
I =| 1RO+ Fysin@ + F;sin 20 "} ,
6 { 1 2 3 }g;{—}l 0
Where
rh(y—v)
A| = —027 .
2RepRero

313 (v = v)(h* + REro)

Ag = |I'I(R(_~FO - ¥y+ 'l-’) = > =
8RepiRCro

rph(y —v)
Ay =220

4RcpiRero
Ay = 75 (y = V)(h* = Repg)

T
24RepRepo

3o P

g PGy -

2 3 4
2RepREro RepiRero
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— i (y-v) . 3h°r (v = VISREr —4h%)

8REp1Rero 8REF1ReFo
(= V)(ER® + 8K (ry = )% + 317 (1 = )* = W (S = 22)(rp = )" (1 + 20))
4'R(('T'FIR(.‘F(I '

M -0’ KrRy-v)
2R¢p1Rcro
B !14.“03()‘—1*] N hzruz(y - v)(SRE-_,-] - 4}:2) a

2 p3
4RcrIRCFy

By=-—7 T 3
8RcriRero 24RcpRepo
r(,z(ro - 1)3()' - '.*)(Réﬂ - 4:'12)
- )
12RcriRero
_ Yih(ry — )’ (y =)
C] =S +
4Rep\Rero
tph(ry = X)(y = VI(=22R% 1y + 215 + 4% x — 61yx® + 4x°) .
R
8Rep1Rero
nh(y - v)(.-‘f4 - 9."13:5_,(.*3_, —x)+ (1 — x]3(2r0 +x))
6 *
2RepiRero
3r2.-':(r - .\’)3(_1‘ -v)
Gy = o= s g 3 +
RerpiRero
rph(ry — x)(y— 1’)(—4.":2:-0 +hx+ rﬂzx - 24",]12 +x) .
3
RepiRero
Iy 4 3 ; 2 2 2
(y=vI(h x+ x(5y — x) Bry = x) =28 (i — 0)(drg — 2ipx + x7))
z '
RepiRero
3 h(ry =2 (= v)
Ge——gF—F—+
8RepRero
nyh(ry — x)(y — -,’)(Shzro + rg —2hx— 4:'03_r+ Srnxz - 2x3] -
T3
8RcrRero
h(y - v)(h‘l - 31:2.1)(;'0 —x)+ (1 — x)3 X)
6 r
4RcpRero
h(y—v h(y—v)(h+ Rep
D, = arclan(—l(" V) ) — arctan( O ‘);( 1+ Rero)
(rp — X)Rcpg (ry — XN R¢go + hRepg)

hiy(Rgpo + (= )))(y = v) _ 313 Repo (g = ) = v) ¥
REp1(Repo — h*)Repg 2h(REp ~ 1)’
3ryRero @ + 15~y —v) 35~ (y-v)
43 (REpo - 1) 4hREr R0
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