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A simple 3-D constitutive model for both clay and sand
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1 Introduction

The modified Cam-clay model, which is suitable for
clay( in this paper, the term clay is to be interpreted as the
normally consolidated clay) , was proposed by Roscoe and
Burland'" . The modified Cam-clay model and many other
models have been generalized by assuming a section of the
yield surface to be circular in the T plane. That is to say,
the criterion of the Extended Mises type( ¢/p = const. ),
where p is a mean stress and ¢ is a deviator stress, is adopt=
ed for the shear yield and the shear failure of clay in the
modified Cam-clay model. The shear yield is caused by the
increase in stress ratio Tl = ¢/p , while the compressive
yield is caused by the increase in mean stress p . However,
as the experimental evidence shows, the Extended Mises
criterion grossly overestimates the strength in triaxial exten-
sion, and also results in incorrect intermediate stress ratios
in plane strain'” . In contrast with the Extended Mises fail-

3 C )
Bl , which is considered to be a

ure, the SMP failure eriterion
three-dimensional extension of the Mohr-Coulomb criteri-
on, is one of the failure criteria explaining well the recent
test results of soils. A transformed stress tensor ; has been
proposed by authors'™', which is deduced from what makes
the SMP ecriterion become circular in the transformed TE
plane. The transformed stress tensor G; is applied to the
modified Cam-clay model in this paper. The revised model
has realized the consistency from the shear yield to the
shear failure of soils in three-dimensional stresses, hoth of
which obey the SMP criterion, and the combination of the
idea of critical state theory with the SMP criterion for clay.

On the other hand. the plastic volumetric strain € is

taken as its hardening parameter in the modified Cam-clay
model, which is not appropriate for dilatant sand. So far,
a lot of hardening parameters, which can describe the dila-
tancy of soils, have been assumed” ”. Several plasticity
models have been proposed in the past'™ ™. The aim of
this paper is to develop a simpler, practical and unified
three-dimensional elastoplastic model for both clay and
sand. For this reason, a new hardening parameter is de-
rived on the basis of the consideration that the unified yield
and plastic potential functions, which are the same as those
of the modified Cam-clay model, are adopted for both clay
and sand. The proposed hardening parameter is a revised
plastic volumetric strain, the physical meaning of which is
clear. This hardening parameter can not only describe the
dilatancy from lightly to heavily dilatant sand, but also be
reduced to the plastic volumetric strain € for clay. The va-
lidity of the hardening parameter is confirmed by the test
results of triaxial compression and extension tests on sand
under the various stress paths.

Finally, the capability of the proposed model in predict-
ing drained behavior of normally consolidated clay and satu-
rated sand has been examined under triaxial compression and
extension conditions. The results predicted by the proposed
model agree well with the test results in triaxial compression
and extension. Only five soil parameters are needed in the
proposed model. The five soil parameters can be determined
by a loading and unloading isotropic consolidation test and a
conventional triaxial compression test. In this paper, the term
stress is to be interpreted as effective stress.

* Received date: 2001- 06— 18
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2 A transformed stress tensor based on
SMP criterion

A transformed stress tensor G; , by which the SMP
criterion is drawn circular in the transformed JEplane, has
been proposed by authors'”. The outline of the trans
formed stress tensor G; will be reviewed as follows:

The SMP criterion is written as

LS Lil,— 915
— = [T o7 = const.

C&.\I]’ a 913 ( ])

or = const.

I3
where Ty and Oy are the shear and normal stresses on the
SMP; and /,, I, and I5 are the first, second and third stress
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Fig. 1 SMP criterion in Tt plane ( solid curve) and transformed
Te plane ( broken circle)

In Fig. 1, the SMP eriterion can be drawn by the solid
line (a smoothly convex curve) in the ordinary T plane,
and the broken line (a circle) in the transformed TEplane
(called - plane for short). In the condition that the prin-
cipal directions of G; and 0j are the same, as shown in Fig.
1, G of point A , which corresponds to G of point A", can

be obtained as follows " :

5= 8+ 5= phs

[
{—" (2)
SSu

where § is Kronecker’ s delta, s;(= 0, — p§) deviatoric

stress tensor in the ordinary stress space, and

F= 0.3
- - ~ 3
sij = G- pG ()

21

Iy = % ' (4)

J(h!g— )/ (.- 913) - 1

From the above derivation, it can be known that the
shape of the SMP criterion becomes a cone with the axis
being the space diagonal 3, = G, = G, in the transformed
principal stress space, and becomes a circle with the center
being the origin O in the T plane ( see Fig. 1). Taking the
similarity in the shapes of the Extended Mises criterion in
the principal stress space and the SMP criterion in the
transformed principal stress space, into consideration, the
existing elasto-plastic models, such as the Cam-clay mod-
el, can be revised easily with using the transformed stress

tensor 0.
Eq. (2) can also become

g b, 1 Lo ‘ §
. = L 4 - P
! .‘ SiSH ! JSHSM
or
et ‘ !'f{} a 1 £" O"
J. = i - p im q;' = Cim O;r'
i '3}.{3;-! ,5.&:515-! ] im Sy
(5)

where ¢;, is a transformed tensor, which can be written as
Z(] Iﬂ *

—— 4+ 1 — ‘ ad. 6
Cj 'S;.-JSH&’ ’ ’S;-fﬁk,r P (6)

* - - . .
where 0; is the inverse tensor of G; , which can be written

as
d = A
y detO
1
Ay = 2 €ipq €rs Opr O ( 7}

1
det 0= 6 Citen g, 9,9,

where e is Permutation symbol.

3 A unified hardening parameter for
both clay and sand

The modified Cam-clay model is considered to be one
of the best basic elasto-plastic models for clay, which is
better than the original model'" . In the modified Cam-clay
model, the yield and plastic potential functions are assumed

- J.d—a': 0 (8)

Cp

to be in the same form as follows:
2
_ _ 2 I/ —
f=g-= lnpu+ In szz

where p is the initial mean stress, M is the value of ¢/ p at

1+

the critical state, d & is the plastic volumetric strain incre-
ment, and ¢, can be written as

A— K
1+ e )

where Ais the compression index; Kis the swelling index;
and e is the initial void ratio at p = po.

cp =

It is possible that Eq. ( 8) is chosen as the plastic po-
tential function of sand, because the dilatancy equation in
modified Cam-clay model can also explain dilatant behavior
of sand when N> M . The dilatancy equation is written as
follows:

d_a. _ M- (10)
(] E:| 2 n

where d € is the plastic deviator strain increment. From
Eq. (10), it can be see that when 0 < N< M,d& > 0
(negative dilatancy condition), and when M < 1 <M,
d & < 0(positive dilatancy condition), in which M is the
phase transformation stress ratio and M the peak stress ra-
tio. In order to adopt the associated flow rule, the yield
function similar to Eq. ( 8) is also assumed for sand. How-
ever, the plastic volumetric strain cannot be used as the
hardening parameter ( see the test results of the next section
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in detail) . A new hardening parameter H is derived to de-
scribe the hardening behavior of both clay and sand as fol-

lows. The yield and plastic potential functions for sand are

written as
+ In —|-H=0 (1)

2 2

S=g= ln

The hardening pd.mmeler is usually considered to be a
. . . . . 7
combination of the plastic strain increment tensor d €',

e. g., the plastic work type hardening parameter. Thus,
the following hardening parameter is assumed:
H = JAdH = ﬂ ci(6)d€+ ex(0)del (12

where ¢,( G;) and ¢2( ) are all the functions of the stress

tensor. Substituting Eq. ( 10) into ( 12) gives
H = ﬂ ci(G)deE+ e ) ﬁdﬂ’| = Jct g)de
(13)

where ¢( G;) is the function of the siress tensor. Fig. 2
shows the constant mean stress path ( path AB ) and the
isotropic compression stress path (path AC ) along which
the hardening parameter changes from H, to H . The pro-
cess of the derivation, by which the hardening parameter H
is developed, i.e., ¢( G) in Eq. (13) is determined, is
(D1o derive the concrete equation of H along path AB ; and
@)to make this equation be consistently tenable along path
AC since the hardening parameter H in the same yield
should be the same.

q

o A7, 0)  C(pa0) p

Fig. 2 Stress paths on deriving hardening parameter //
3.1 Along constant mean stress path

After substituting Eq. ( 13) to Eq. ( 11), the propor-
tionality constant A can be written as

: 'grt)(.lp + %dq
c(9) o

Op
the following two differential

A= (14)

Based on Eq. (11),

equations can be obtained:

&_ 1L, m-1n
o p M+ T (15)
o _ 1,_21n
O¢  p M+ TT

By substituting Eq. ( 15) into Eq. (14),
deviator strain increment can be expressed as follows along
the constant mean stress path:

18 = A o 1,1, _4_rl'_
dg d¢= c(9) " p M- rr;{lq

Fig. 3 shows the triaxial compression test results of clay

the plastic

(16)

Mi- T dn
4r1' dg

It can be seen from Fig. 3

€ and ( })}

and sand arranged in (a) Tl-

( data from references| 15, 16]) .
(a) that the shapes of the curves for clay and sand are
alike.

are M and M respectively. In fact, M is not constant dur-

The stress ratios ( ¢/ p ) at failure for clay and sand

ing shearing. If the variety of M is considered during
shearing, more complex behavior (e. g., the softening) of
soils can be described'” . In this paper, M, is simply as
sumed as a conslant to focus attention on explaining the be-
havior due to the proposed hardening parameter. There-
fore, compared with the equation of the plastic deviator
strain increment for clay in the modified Cam-clay model
when the mean stress is constant. the equation of the plas
tic deviator strain increment for sand is assumed to be
Eq. (17) when the mean stress is constant.
)
A€ = ¢, o =iy (clay)
p M - g
> (17)

de = p- 1. —A'LM?_ pdg  (sand)

where Pis a constant. On the other hand, Eq. (17) can al-
so become the following linear forms respectively:

U=te 042 (aw

Mi- T pdll
At~ T dg

“mle

(18)
(‘sand)
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Fig. 3 Triaxial compression test results for clay and sand

The validity of Eq. (18) is confirmed by the test re-
sults of triaxial compression from Fig. 3(b). So, Eq. (17)
is also rational for sand. It is worth noting that My = M for
clay and the elastic deviator strain i1s very small under a
constant mean stress in Fig. 3(b). By combining Eq. ( 16)
and (17), ¢( G) in Egs. (16) is expressed as
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2
1 M- @
(%)= 5"y (19)
Substituting Eq. (19) into Eq. (13) gwes
H = jdH L. M= T (20)
N e m- o

3.2 Along isotropic compression stress path
When M= O(path AC ). Ea. ( 20) lJecomes

e e Pyt o

Moreover, under the isotropic compression condition

de ). ~
(N= f—z 0)’_..(:_?: 111(;;] in Eq. (8). Eq.(11) be

comes J.(lH = In[;)_) when = 0. So, the following
0

equation can be obtained.
dg
H = J.dH J. (22)

Letting Eq. (21) be equal to Eq (22) obtains
M
P= ¢, F (23)
Finally, the new hardening parameter for sand can be
obtained by substituting Eq. (23) into Fq (20)

1, E Wr s
H = IdH = Ic.. T o pde (29
de

IfM= M, Eq.(24) becomesH = J.(]H = J. .

p
which is the same as the hardenine parameter for clav in the
modified Cam-clay model. Therefore, the new hardening
parameter ( Eq. (24)) is a unified one for both clay and
sand.

How the proposed model deseribes the dilatancy of
soil is explained as follows. From Eq. (24) and consider
ing 3D stress conditions, get

4 4
de = cl,-Mﬁ-M&? (25)
M* Mi- @

Taking that df is always larger than or equal to 0 into
account, the following conclusions can be obtained from
Eq. (25): W= 0( isotropic consolidation condition), d &
= ¢,dff ; @0 <fl< M ( negative dilatancy condition)
dE > 0; @T = M (phase transformation conditio-

WP de = 0; @M < T <M, (positive dilatancy
(-.ondltlon), def< 0.

As indicated above, the dilatancy of sand is reason-
ably described by using the new hardening pkll'kll’l‘l(—fl(—frﬁ .
The validity of H and the other usual state quantities used
as hardening parameters will be checked in the various
stress paths as follows.

Fig. 4 shows the stress paths in triaxial tests on Toy-
oura sand ( data from reference| 16]) in terms of the rela-
tion between mean stress p and deviator stress ¢. The val-
ues of the principal siress ratios are the same ( 0,/ G;= 4)
at points F' and F " in Fig. 4. The stress path dependency of
four state quantities, the plastic volumetric strain € , the

plastic deviator strain € . the plastic work W" and the pro-

posed hardening parameter / , will be checked in four
kinds of triaxial compression tests ( paths: ADEF, ABCF,
AF and ABEF ) and three kinds of triaxial extension tests
( paths: AD'F | ACF' and AF’ ). Figs. 5 to 8 show the
variations of these quantities along the seven kinds of siress
paths under triaxial compression and extension conditions.
It is obvious from Figs. 5 to 7 that the plastic volumetric
strain € , the plastic deviator strain & and the plastic work
W" are unsuitable for the hardening parameter for sand, be-
cause these state quantities depend on the stress paths at the
same stress state. However, Fig. 8 shows that the values of
the proposed hardening parameter H are uniquely deter
mined at the same stress state, regardless of the stress path
in triaxial compression and extension and the previous
stress history. So, H is employed as a new hardening pa-
rameter for sand.
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Fig.4 Stress paths of triaxial tests for examining new hardening
parameter
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Fig. 5 Relation between plastic volumetric strain € and mean
principal stress p
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Fig. 8 Relation between new hardening parameter / and mean principal stress p

4 A unified elasto-plastic model for both
clay and sand

In the proposed model, the equations of the yield lo-
cus and plastic potential remain the same as the modified
Cam-clay model’ s, but the transformed stress tensor G
based on the SMP and the new hardening parameter are
adonted to model the behavior of clav and sand in three-di-
mensional stresses.

The plastic component is given by assuming the flow
rule not in G space but in G space.

deg; = A _aa%— (26)
where the plastic potential function g (or the yield function
f ). the hardening parameter [T , the proportionality con-

stant A and the differential equation aﬁ": are given respec
i

tively as follows:

= = "2: 1 _q:; - H =
I g 111!){] + In[ 1+ W 0
1 = -[[Uf = C!, MT le4 _ ﬁadg
Mi M- T| ~ 20
A= Mi ) M? - dp+ ME;TE - (}-«zll(f

2 ~32

Og | | M2p° -

aa; = M:}-)uz_'_ (}~2| 3[;“

(27)
where the deviator stress ¢ and the transformed stress ratio
Min G; space, M( Mat phase transformation) and M( T at

peak) are written respectively as follows:
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Fig. 9 Stress dilatancy relationships of proposed model under triaxial compression and extension conditions
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Fig. 10 Comparison between predicted and test results when p = 196 kPa for clay and sand
M= pla It is seen form these two figures that the unicue relationship
~ 3 ~~ 7 de . : :
q = 5SS between f: and - i_Ef’ (See Fig. 9(a)) can explain the dif-
ag
V= _6sin®¥, (28) ferent in relation ( See Fig. 9(b)) between triaxial com-
i (3- sin¥,) pression and exlension.
W = _6sin® 4.2 For clay
My =

(3- sin®
whereno( = py) is the initial mean stress: %, is the angle
of internal friction at the phase transformation; and ®is the
angle of internal friction at the shear failure. The main fea-
tures of the proposed model for hoth clay and sand will be
presented as follows.
4.1 For sand
The stress dilatancy equation of the proposed model is
expressed as follows:
de M- g
o Mo (29)
d & 2q
q

Eq. (29) can be drawn as Fig. 9(a) in the >

de ’ de
_d& . . g |_d&
’ d€ plane and as Fig. 9(b) in the » q€

plane under triaxial compression and extension conditions.

As mentioned before, If M = M, the new hardening
parameter [ in the proposed model becomes the plastic vol-
umetric strain, which is the same as the hardening parame-
ter for clay in the modified Cam-clay model. Therefore,
the difference between the proposed model and the modi-
fied Cam-clay model is only the stress tensor used. The
critical state conditions of the proposed model in three-di-
mensional stresses can be expressed as follows:

e _
ﬂ::-:— I;""’_
de _
de 0 (30)
€= ¢, mZe . anl
Po
T o
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where suffix cs means the critical state. When Eq. (30) is
satisfied, soil will be continuously distorted. Eq. (30) is References

the same as the critical state conditions of the modified
Cam-clay model in triaxial compression, so it is the exten-
sion form for the critical state conditions of the modified
Cam-clay model in three-dimensional stresses.

5 Prediction versus experiment

The capability of the proposed model in predicting
drained behavior of clay and sand has been examined in p
= 196 kPa, not only under triaxial compression, but also
under triaxial extension on normally consolidated Fujino-

. 16]

mori clay and saturated Toyoura sand'™'®. The values of

soll parameters used in the model are M = M, = 1. 45,

A = 0. 0508, — 0. 0112 and V= 0. 3 for
1 + ey l + ep
A

Fujinomori clay, and M = 0. 95, M = 1. 66, " =
+ ey

K
0. 00403, T+ o0 - 0. 00251 and V= 0. 3 for Toyoura

sand respectively. The above soil parameters are deter-
mined by the isotropic consolidation test and the conven-
tional compression tests. Fig. 10 shows the predicted and
test results on the drained behavior of Fujinomori clay and
Toyoura sand under triaxial compression and extension con-
ditions when p = 196 kPa. It can be seen from Fig. 10 that
the results ( solid lines) predicted by the proposed model
agree well with the test results (mark o) for clay and sand
under triaxial compression and extension conditions.

Therefore, it can be seen from the above comparison
that the proposed model can reasonably describe the stress
strain characteristics of clay and sand in three-dimensional
stresses, and the dilatancy of sand.

6 Conclusions

(1) A new hardening parameter is derived on the ba-
sis of the consideration that the simpler, unified yield and
plastic potential functions are adopted for both clay and
sand. It can not only describe the dilatancy from lightly to
heavily dilatant sand, but also be reduced to the plastic
volumetric strain for clay. The validity of hardening pa-
rameter H is confirmed by the test results of triaxial com-
pression and extension tests on sand under the various stress
paths.

(2) An elasto-plastic model is proposed by applying
the transformed stress tensor G; based on the SMP and the
new hardening parameter H to the modified Cam-clay mod-
el. The proposed model can reasonably describe the stress
strain behavior of clay and sand in three-dimensional stress
es.

(3) Five soil parameters ( A K, ®,, ®and V) in the
proposed model can be determined by an isotropic consoli-
dation test and a conventional triaxial compression test.
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