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Steady state strength of sand: concepts and experiment
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Abstract Steady state strength is an important parameter in evaluating the stability of sand deposits against flow liquefaction. Most loose sands
exhibit the quasi-steady state QSS) behavior under undrained triaxial loading, in which no unique ultimate steady state is reached. Stress-con-
trolled triaxial tests were carried out on Unimin sand to study the steady state strength in the QSS behavior. The test results indicate that there are
usually four distinct deformation stages in undrained tests on loose sand: initial stage, collapse stage. critical stress stage and post failure stage.
The strain rate approximately remains constant in each deformation stage. The steady state, in which pore pressure, deviator stress, effective stress
and strain rate remain constant> occurs in the collapse stage. The conventional definition of the steady state of deformation is not completely valid
for the QSS behavior,» and a modified definition is suggested.
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achieved only after all particle orientation has reached a sta-
1 Introduction

Steady state strength is an important parameter in eval-
uating the stability of sand deposits against flow liquefaction
and is often determined by triaxial tests. There are three
different stress-strain behaviors of saturated sands in undr-
ained triaxial tests: strain hardening behavior, steady state
behavior, and quasi-steady state QSS) behavior Y In the
strain hardening behavior, the shear resistance always in-
creases with axial strain, and no flow liquefaction occurs in
this case. In the steady state behavior, the shear stress rap-
idly decreases once a collapse is triggered, and then rema-
ins constant with further axial strain. The constant shear
stress in the steady state is considered as the undrained re-
sidual strength or the steady state strength of the sample.
The steady state strength of a sand is thus well defined in
the steady state behavior.

Most loose sands exhibit the quasi-steady state behav-
ior under undrained triaxial loading ©4 In the quasi- o . :
steady state QSS) behavior: a sample also deforms rapidly s used in this study. Itis an angular medium crushed qu-
during collapse. and the shear stress reaches a minimum artz sand. The mean grain diameter ds, is 0.87 mm and the
value and remains at the minimum value until phase trans- coefficient of uniformity C, = dg,/d,,) is 2.00. The spe-
formation ®T): subsequently, the shear stress increases  cific gravity G, is 2. 665. The minimum void ratio of
with further strain. In other words. no unique ultimate  ().646 and the maximum void ratio of 1.027 were deter-
shear resistance exists in the QSS behavior. This behavior  mined according to the ASTM test methods D 4253-93
has led some researchers to propose the terms fimited lig-
uefaction” or flow with limited deformation” €.g. litera- Received October 23, 1998

ture B1). By definition, the steady state of deformation is
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tistically steady state condition and after all particle break-
age is complete 5" The ultimate steady state might not be
reached in the QSS behavior within the strain achievable in
the triaxial apparatus wel Verdugo and Ishihara v suggested
two steadv states in the OSS behavior, a temporarv steady
state occurs during collapse, and the real steady state occurs
at large axial strain. Thus, determination of steady state
strength in the QSS behavior appears to be difficult. How-
ever» Zhang and Garga 5 found that the QSS behavior may
not be an inherent behavior of sands, since the post-phase
transformation increase in shear stress is primarily caused by
end restraint and undrained volume change. Therefore. a
further examination of the steady state strength in the QSS
behavior appears to be necessary.

2 Experimental investigation
Unimin sand 2010 from St-Canut» Quebec, Canada
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Method 1A) and D 4254-91 Method A), respectively.

A computerized triaxial apparatus was used to conduct
conventional undrained and drained triaxial tests on the
tested material under stress controlled conditions. A Hall
Effect radial displacement transducer HRDT) was used to
measure the radial deformation of samples during saturation
and consolidation. The samples were prepared by using the
moist tamping method. Their volume changes during satu-
ration and the membrane penetration during consolidation
were determined for each sample by measuring the axial
and radial deformations. Lubricated end platens were used
in all tests. Shearing was conducted under stress-controlled
mode with a stress rate of 10 kPa/min. Pore pressure and
vertical deformation during rapid collapse were recorded by
using a dynamic signal analyzer DSA).

Twenty-two drained and undrained triaxial tests were
carried out on Unimin sand. The results of three typical
undrained tests @esignated as 1) to 8)) and two typical
drained triaxial tests esignated as @) and 6)) on
Unimin sand are shown in Figures 1 to 5, respectively, and
will be described in detail subsequently. Their states prior
to shear and steady states, as well as the states of the other
tests, are presented in Fig. 6. The steady states were de-
termined based on the modified definition of the steady
state of deformation proposed in this paper.

3 Quasi-steady state behavior in undrained

and drained tests

Typical results of undrained triaxial tests on loose
Unimin sand are shown in Fig. 1. It is clear that the sample
exhibited the quasi-steady state behavior. When the devia-
tor stress reached a peak value at an axial strain of 1.6%
the sample suddenly collapsed and deformed to 15. 6%
strain in about one second with a deviator stress drop of
106 kPa Fig. 1). Subsequently, the deviator stress con-
tinuously increased to 591 kPa at an axial strain of 25%
and essentially remained constant with further strain. Fig.
1 6) shows the strain and pore pressure changes during
collapse. Before collapse, the sample strained slowly, at a
strain rate of about 1.8% per minute. Once the collapse
was initiated, its strain rate suddenly increased to about 900
% per minute. and essentially remained constant during
collapse. and subsequently decreased to 3. 6 % per
minute. The pore pressure increased very rapidly, from
752 kPa to 950 kPa when collapse was initiated> and then
remained constant during the collapse;s subsequently, it
continuously decreased until a strain of 25%, and essen-
tially remained constant thereafter. Thus, a temporary
steady state was achieved between axial strains of 9% and
15% > and another steady state also occurred after a strain
of 25% in the test. The deviator stress in the later steady
state was 590 kPa, much larger than that of 456 kPa in the
temporary steady state. The stress path in the test was lo-
cated on a straight line after collapse Fig. 1 €)).

Fig.2 shows the typical results of triaxial drained tests
on loose Unimin sand. It can be seen that the deviator
stress of the sample increased with axial strain and reached

an ultimate value of 138 kPa at a strain of 12.5%, and es-
sentially remained constant thereafter. The void ratio de-
creased from a value of 0.969 prior to shear to a value of
0.921 at a strain of 11.5% » then remained constant until a
strain of 17%: subsequently, the void ratio continuously
increased to 0.933 at the end of the test. The strain rate
gradually increased with strain until the ultimate deviator
stress was reached, and then remained constant. It is clear
that by definition, a temporary steady state of deformation
was achieved when the void ratio, the deviator stress and
the strain rate of the sample stayed constant between strains
of 12.5% and 17% . It is also noted that beyond a strain
of 17%, the void ratio of the sample continuously in-
creased, even though the deviator stress and the strain rate
remained constant. This kind of drained behavior corre-
sponds to the quasi-steady state behavior in undrained tests
in which the deviator stress continuously increases with fur-
ther strain after phase transformation.
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Fig.1 Typical results of undrained test

on loose sand Sample 1))
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160 0.97 sample deformed to an axial strain of 28% foint ¢) at a
110 B low strain rate of 1.7% per minute, accompanied by con-
0.96 tinuous increase in deviator stress and continuous decrease
120 in pore pressure. This stage is called critical stress stage
'5_“’ 100 Dr=17.7% 199 = since the shear stress in the stage is equal to the fully mobi-
S 80 3= 50 kPa logqa & lized shear resistance. The stress path in this stage followed
‘,‘_ _ Void ratio .‘5 a straight line called critical stress path, which is defined as
£ 60 ) 0.93 = the locus of the stress states when the friction resistance of
10 a sand mass is fully mobilized under given effective stress-
20 0.92 es. In the post failure stage which started at a strain of
N 0.9 28% > both the deviator stress and the strain rate approxi-
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Fig.2 Typical results of drained tests on loose sand $ample 4))

4 Deformation stages during shear
4.1 Undrained tests

Fig.3 shows typical results of an undrained test on a
sample which has a consolidation state close to and above the
steady state line of the sand. It can be seen in Fig.3 &) that
in the test, the deviator stress increased to a value of 156 kPa
at a strain of 0.9% point @), and remained at this value up
to a strain of 4.2% point b) when the pore pressure reached
a peak value of 135 kPa at phase transformation. Subsequent-
lys the deviator stress continuously increased to 322 kPa at a
strain of 28% foint ¢) and remained constant again thereaf-
ter; while the pore pressure decreased essentially along a
straight line until the end of the test point d).

Sample 2) exhibited four distinct deformation stages
with constant strain rates during undrained triaxial shear,
namely initial stage, collapse stage, critical stress stage and
post failure stage Fig.3 €)). It is seen that in the initial
stage. both the deviator stress and the pore pressure in-
creased with strain, and the strain rate was low, equal to
about 0.08% per minute. At the end of the initial stage

point @), the sample suddenly collapsed and entered the
collapse stage during which it deformed from a strain of
0.9% to a strain of 4% point b) at a faster and constant
strain rate of 7.6% per minute. Correspondingly, the de-
viator stress remained constant during collapse from point
a to point b), and the pore pressure increased to a peak
value and then essentially remained constant before the end
of this stage Fig.3 @)). In the critical stress stage, the

mately remained constant> but the pore pressure continu-
ously decreased so that the effective stress state moved
away from the critical stress path Fig.3 ©)). The tempo-
rary steady state of this sample seemed to appear shortly
before the end of the collapse stage, when the deviator
stress, pore pressure and strain rate were constant.
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Fig.3 Typical results of undrained test on sand with initial
state above and near steady state line $ample 2))

It is of interest to note that the collapse of the sample
did not cause any decrease in the deviator stress» even
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though the pore pressure increased rapidly during collapse.
As a result, the stress path in the collapse stage followed a
horizontal line until reaching the critical stress path Fig. 3

b)) . This provides experimental evidence to prove that in
a p’-g plot, a collapse surface is a straight line through the

origin” "), rather than through the steady state point "'’
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Fig.4 Typical results of undrained test on dense sand $ample 8))

Fig.4 shows the results of the undrained test on sample

8), for which the consolidation state was far below the
steady state line Fig.6). There were three distinct deforma-
tion stages in this test: initial stage from the origin to point
a)s critical stress stage from a to b) and post-failure stage
from b to ¢), in which the strain rates remained constant
and are equal to 0.06%, 0.4% and 4.7% per minute, re-
spectively. No collapse stage deformation occurred in this
test. In the critical stress stage, the deviator stress increased
from 253 kPa at phase transformation to a peak value of 887
kPa at a strain of 15% . accompanied by a decrease in pore
pressure from 86 to — 114 kPa. The post failure stage defor-
mation started once the deviator stress reached the peak. In

this stage, the sample deformed with a relatively fast strain
rate of 4.7% per minute Fig.4 €)); the deviator stress
slightly decreased with further strain, while the pore pressure
continuously decreased Fig.4 §)); also, the effective stress
path moved away from the critical stress path Fig.4 6)).
These results may indicate that in such a test, shear band may
have occurred and particle breakage in the shear zone may be-
come significant in the post-failure stage. No temporary
steady state appeared in this test.
4.2 Drained tests

The deformation stages are not so distinct in the drained
tests as in the undrained tests. It is seen in Fig.2 that the de-
viator stress increased with a decrease of void ratio, until a
peak was reached at a stain of 12.5%: subsequently, the de-
viator stress remained constant with further strain, while the
void ratio remained constant only up to a strain of 17% and
then increased continuously until the end of the test. The
strain rate increased until the peak, and then remained con-
stant 17.3% per minute). A temporary steady state was
reached between strains of 12.5% and 17% .
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It is seen in Fig.5 that in the drained test on sample §),
the deviator stress continuously increased until reaching a
peak value, then decreased slightly with further strain:
while the void ratio continuously decreased until the end of
the test Fig.5 &)). When the deviator stress reached the
peak value, the effective stress path also reached the criti-
cal stress path which was determined from the undrained
testss and then moved down with further strain Fig. 5

6)). The strain rate also remained constant after the
peak, as in sample 4). A shear band might developed af-
ter the peak, and no steady state of deformation could be
determined from the test.

5 Modified definition of the steady state

Casagrande 121 defined that the critical void ratio is one
at which a cohesionless soil can undergo any amount of de-
formation without volume change under drained condition.
The critical void ratio is a function of the effective stress,
and can be reached from either a loose or dense state in
drained tests ™' . Taylor ] supplemented that under undr-
ained condition, the critical void ratio is one at which
shearing leads to no strength change.

Two further concepts, the critical state and the steady
state of deformation were developed, from the concept of
the critical void ratio, by Roscoe et al 151 and Poulos ™,
respectively. Roscoe et al 5 Stated that the critical state is
an ultimate state at which any further increment of shear
distortion will not result in change of void ratio under
drained condition, or change of effective stress under undr-
ained condition. The critical state points so defined can be
expected to be located on or near a line on a yield surface.
Poulos * stated that the steady state of deformation for any
mass of particles is that state in which the mass is continu-
ously deforming at constant volume, constant normal effec-
tive stress» constant shear stress. and constant velocity.
The steady state of deformation is achieved only after all
particle orientation has reached a statistically steady state
condition and after all particle breakage, if any, is com-
plete, so that the shear stress needed to continue deforma-
tions and the velocity of deformation remain constant.

It is observed that the definition of the critical state
combines Casagrande’ s and Taylor " s definitions, and im-
plies that the critical state points are located on a unique
line. The definition of the steady state emphasizes that it is
a continuous deformation state with constant parameters.
Despite their different statementss both concepts in fact de-
scribe the same failure phenomenon that a soil mass is con-
tinuously deforming at constant volume and constant stresse-
s 10-18) Only the term  teady state” is used in this paper.

The definition of the steady state of deformation ap-
pears not to be completely valid in the case of the quasi-
steady state behavior. The definitions state that the steady
state is a unique ultimate state, and should be achieved at
large strain. Experimental data indicates the temporary
steady state or quasi-steady state satisfies the requirements
stated in the definitions of the steady state; however, after
phase transformation, the deviator stress may increase con-

tinuously with further strain, or the ‘econd steady state”
occurs at very large axial strain €.g. Fig.1). It is thus
considered that for sands with QSS behavior, the achiev-
able strain in triaxial apparatus might not be large enough
for the ultimate steady state to be reached 51, or the second
steady state should be the feal” steady state "’ . Therefore,
the above definitions of steady state are ambiguous regard-
ing which steady state should be used in design.

The results of triaxial tests on sands are significantly
affected by some factors including end restraint “ . The
second steady state at very large strain, as shown in Fig. 1
and in the tests by Verdugo and Ishihara ™, should be the
state at which both the state of a sand sample and the effect
of end restraint have reached ultimate states. Thus, the
temporary or quasi-steady state, which occurs during col-
lapes; may be the steady state in the QSS behavior.

Desrues et al ' found. using computed tomography
technique to measure local void ratio, that for a dense sam-
ple with void ratio less than critical, obvious shear bands
can occur and the void ratio in the shear zone is larger than
the global void ratio of the sample. The shear strength of
dense sands may thus be underestimated due to the forma-
tion of the shear band, since the shear strength is signifi-
cant affected by the void ratio in shear zone. This may be
the reason why a continuous decrease of pore pressure at
large strain can be accompanied by a decrease of deviator
stress in an undrained test Eig. 4), or a continuous de-
crease of global void ratio can also be accompanied by a
decrease of deviator stress in a drained test ig. 5): and
the steady state points from drained tests on dense sample
are always lower than those from the tests on loose
samples o

As stated by Poulos et al ®!, the steady state strength
is the fundamental strength of a sand for a given void ratio»
which can not decrease as a peak strength does, or increase
after all particle orientation or ind) all particle breakage is
complete. However, the steady state strength measured in
laboratory tests may be underestimated due to the formation
of shear band, or overestimated due to the effect of end re-
straint. The definition of steady state should avoid confu-
sion which may result from the conventional triaxial tests
on sands, and a modified definition of steady state is there-
fore suggested as follows:

The steady state of deformation for any mass of parti-
cles is that state in which the mass is continuously deform-
ing at constant volume, constant normal effective stress,
constant shear stress> and constant velocity. The constant
shear stress is the minimum strength of the mass, which is
dependent on the local void ratio within the shear zone.

6 Steady state strength of Unimin sand

All undrained triaxial tests on loose Unimin sand sam-
ples, among which the lowest relative density at consolida-
tion stage was equal to 14%  showed the quasi-steady state
behavior in which a rapid collapse deformation was fol-
lowed by a continuous increase of deviator stress Figures 1
and 2). The steady state points of these tests are shown in
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Fig. 6. It can be seen that all the steady state points are lo-
cated on or near a straight line in an e-logp’ plot, except
the two points from dense samples in which no steady state
could be determined from the tests.
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Fig.6 Summary of triaxial tests on Unimin sand

The steady state points from drained tests also reside
on or near the steady state line obtained from the undrained
tests Fig. 6). This indicates that the steady state strength
for a given void ratio from drained and undrained tests are
the same for Unimin sand. Similar results were observed
for Syncrude tailings ®), Erksak sand ', Toyoura sand v
Conversely, based on the test data from Castro ", Alarcon
et al® found a significant difference between the steady
state lines from drained and undrained triaxial tests. How-
ever, among the three sands used by Castro, only in sand
B there were six drained steady state points locating above
the undrained steady state line with two drained points lying
on the undrained line Fig. 70 in literature [ ). For the
two other sands, the undrained and drained steady state
points located on the same steady state lines Figs. 90 and
111 in literature 11).

7 Conclusions

() All loose Unimin sand samples exhibit the quasi-
steady state behavior in undrained triaxial stress-controlled
tests. In such a behavior, there are usually four distinct de-
formation stages: initial stages collapse stage, critical
stress stage and post failure stage, and in each of them the
strain rate remains constant. The steady state, in which the
shear stress, effective stresses, pore pressure and strain rate
remain constant, can be reached in the collapse stage. In
the critical stress stage, the state points follow the critical
stress path of the sand, which is defined as the locus of the
stress states when the friction resistance of a soil mass is
fully mobilized under given effective stresses.

Q) In drained triaxial tests on Unimin sand, the
strain rate remains constant after a peak resistance is
reached> and the steady state may occur only after the
peak.

8) The modified definition of the steady state of de-
formation is suggested to avoid the potential confusion due
to the limitation of the triaxial tests.

4) The steady state points of Unimin sand located on

or near a straight line on an e-logp” plot, regardless of the
drainage conditions
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