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Ultimate bearing capacity of foundations based on variational limit
equilibrium method

ZHOU Zhixiong, ZHOU Fengxi, LIANG Yuwang

(School of Civil Engineering, Lanzhou University of Technology, Lanzhou 730050, China)
Abstract: Based on the basic principles of the variational method and the limit equilibrium method, the ultimate bearing
capacity of foundation for strip footings is analyzed. Based on the static equilibrium equation for sliding soil in the foundation,
an isoperimetric model for the functional extremum of the ultimate bearing capacity of foundation is established. On this basis,
the auxiliary functional under constraint conditions is constructed by introducing the Lagrange multiplier. The Euler equation is
used to obtain the first-order ordinary differential equations with the potential sliding surface, normal stress on sliding surface,
and Lagrange multiplier as basic unknowns, and the analysis of the ultimate bearing capacity of foundation with movable
boundaries is transformed into a two-point boundary value problem under fixed boundary conditions by introducing auxiliary
variables. Finally, the numerical solution of the coupled nonlinear differential equation system is carried out by using the
shooting method, and the exact solution of the problem is obtained. Meanwhile, the effectiveness of the model and method is
verified through numerical examples.
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Fig. 1 Computational model for ultimate bearing capacity of

foundations for strip footings
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Table 1 Calculated results and comparison of bearing capacity coefficients
oI ) SRS W BR r b R AR HIREICIE AILTTiE
Ne Ny N, Ne Ny N, Ne Ny N, Ne Ny N,
0 5.70 1 0 — — — — — — 5.52 1 0
5 7.34 1.64 0.10 — — — — — — 7.09 1.62 0.38
10 9.60 2.69 0.54 9.74 1.98 2.41 5.22 2.42 1.20 9.31 2.64 1.27
15 12.86 4.45 1.66 12.47 3.39 4.53 — — — 12.53 4.36 3.12
20 17.69 7.44 4.22 16.13 5.81 8.01 8.77 6.72 4.44 17.39 7.33 7.32
25 25.13 12.72 9.84 21.83 10.74 14.12 15.77 11.28 10.54 25.02 12.67 16.52
30 37.16 22.46 22.30 31.7 18.75 25.97 21.82 18.70 23.68 37.60  22.71 38.07
35 57.75 41.44 50.97 50.18 35.66 53.60 31.90 35.65 53.47 59.65 42.77 92.46
40 95.66 81.27 121.24 85.56 70.62 129.66 — — — 101.31 86.01 243.87
%2 WERRASNOLRERSH HE R
Table 2 Comparison between experimental and computational results of ultimate bearing capacity of foundations
P SRbIRR  ERNERE BB WEEM O EE/ ST W PR K3 )
m m kPa ) (KN-m?) e Meryerhof ~ Hansen Vesic AR
1 1.5 0.60 19.2 0.0 18.00 30.93 39.63 35.56 26.85 24.63
2 1.5 0.75 19.2 0.0 18.00 21.04 29.78 28.00 21.48 19.70
3 1.5 0.90 19.2 0.0 18.00 16.79 23.70 22.96 17.90 16.42
4 1.5 1.05 19.2 0.0 18.00 13.44 19.68 19.37 15.34 14.07
5 0.0 0.71 33.5 0.0 18.00 31.30 32.24 32.24 32.24 28.94
6 0.0 0.71 24.6 0.0 18.00 23.47 23.63 23.63 23.63 21.25
7 0.0 0.71 43.1 9.0 19.30 72.98 63.78 64.07 64.51 80.10
8 0.0 0.50 30.0 20.0 20.00 150.40 128.20 129.20 130.60 113.60
9 0.0 0.71 9.8 20.0 17.06 36.33 36.66 36.16 37.65 36.95
10 0.3 0.71 9.8 20.0 17.06 42.44 46.07 50.20 4491 43.22
11 0.4 0.71 12.8 22.0 17.70 65.25 70.34 78.46 66.68 64.79
12 0.5 0.71 14.7 25.0 17.65 87.78 110.28 125.12 102.14 96.16
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Fig. 5 Comparison of ultimate bearing capacity without

considering soil weight
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Table 3 Comparison of ultimate bearing capacity of foundations

o Terzaghi PR HIRIT A4
) Tam gmm B Rl k2
0 6.70 — 6.98 6.52 6.62
10 12.56 9.62 14.07 12.58 13.67
15 18.14 14.15 — 18.49 20.90
20 27.24 21.89 31.83 28.38 33.45
25 42.77 35.78 51.00 45.94 56.64
30 70.77 60.57 85.67 79.34 88.73
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