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Abstract: The critical state theory of soils describes the correspondence between effective stress, shear strength and soil density.
Numerous soil mechanics experiments have also revealed a correlation between soil strength and loading rate. Considering that
the granular matter is the actual medium of natural soils, a quasi-static inertia number is proposed, i.e., O=¢go[In(/)+a], for the
granular soils considering the particle volume fraction. Based on the classical triaxial test data of soils, the scaling laws of
quasi-static deforming sand at the critical state from the perspective of granular physics are explored, and a simple linear
relationship i.e., x=¢Q, is found between the friction coefficient and the quasi-static particle inertia number. The newly
established scaling laws can quantitatively describe the influences of the volume fraction, shear rate, confining pressure and
particle size on the frictional properties of sand when reaching the critical state. In addition, to quantify the volumetric
deformation laws of sand under quasi-static shear, a correlation is obtained between the particle volume fraction ¢ at the critical
state and the quasi-static inertia number Q. In attempt to characterize the scaling laws of the three-dimensional stress state, a
new dimensionless number (i.e., the intermediate principal stress number) is defined to reveal the influences of the intermediate

principal stress on the frictional properties. Thus, the scaling laws are extended.
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Fig. 3 The critical state of dense and loose soil under shear

2.2 ImFRSWL M IHEXXR
AT T AR M TC R 1 OB AL 1Y) = e i 50 2
FEREAT 7M. Alshibli SEP BRI L. BRI, HH
Wi P S5 T SRR 22 M LK) 3 B AE 4 Fh BBl R k4T
T =K R AR, I Y E R AR SR 1 PR
FEMHRIOAT RN E T 3 BRI B SEE AB L,
M. %32 D), HEHIE SHARFH Al-Shibli Z201) 2%
AMIERE W A, MBUNFESEH ASTM D4254
(ASTM 2016b) Pl (FE A 13 mm
IR, A 25 mm BV s BEDURRAD ). [BIAE
RIRFE AN 711 mm, FEHN 142.2 mm, Wi
[ 77PL 0.5 mm/min FRIPE E RLF% I Z N . AR 3 Fhih
1) G=2.65 Al d5o=0.36 mm ZH—, {HJEHEREE
R 3 AR T LG B [ E | REDRE B2 A5 22 iR OK .
Ottawa fib . BZFEHP AT Columbia grout #P (1) u-In()2K F
e 4 Froso
1 IR IR H R AR
Table 1 Physical properties of test materials

ME Gs dso/mm  FHIURSE e

F-35 B 0.733

Ottawa 2.65 0.36 g 0.614
b HE 0.494

B 0.928

1 BeaEmb 2.65 0.36 ik 0.778
HE 0.638

GS*40 B 0.921
Columbia 2.65 0.36 ik 0.762
grout i} HE 0.639

HIEl 4 FTULE Y, 3 M FORS B R 1
) AT ORI RURE ) S AR 9% o X AN [FI SR AE I
Bl S BE SR R BOOR . A SRR TR W B P T 4R
FIORLAR AR 7B o, AR FIORL Y % SEAE 2, W] LA 21
FLHE RS ST BEBARE 1n WIOEE SRS ¢ FURTRL G
VERC 1 TR (AR PERR, AP SRR, W 5.

0.90

Ottawa (L)
b > Ottawa 5 (M)
O o Ouawa & (D)
o BERES (L)
0.80 o BEBERE (M)
* o B (D)
0.75 8 O Columbia grout B (L)
3 i * Columbia grout £ (M)
070} "] o . + Columbia grout # (D)
* * @
0.65F ©
0.60 |
0.55

1 i 1 1
-200 -195 -190 -185
In (1)

4 FRIMERENERRE 1 5 In()XREIFM
Fig. 4 Definition of internal friction angle at critical state

ANE TSRS EIRE T R R E 1 SRS



9

Padp, GRS LY ELbR R 1835

I Z I ——X KR, BRTESEE. ST,
FEEE R 1 5 ¢, [In(l)+a] Z MAFTELME—— X RiR R
o, 01 3 MikEM R, o MBUEIN o =30, X
AT RESE RN 3 bk EL 25 A0 AR (DR AR S S BRI
¢, 1K — A 5 [ D% 14 3 B U A 2R 1) R R R 1 A2
SRS TN, LR S EE BRI .
— AR ORI 2 1 RAL T RURL I AR i B R P 7 I
o K R EE BUR 5 8 SR L 0 v A ROk
TS, 8 SUEN 0=4¢, [In(D)+a].

0851

0.80

0.75 | °
0.70 M
°
0.65 /.
a=30
0.60 | / Ottawa % (L)

® Ottawa b (M)

® Ottawa ¥ (D)
0.55 ! L !
5.5 6.0

6.5 7.0 7.5 8.0

u

0.90 1

0.85

0.80

0.75

u

0.70 |

0.65

BeRERP (L)
> BEE (M)
& JeER (D)

0.55

50 52 54 56 58 6.0 62 64 66 6.8 7.0

0.60 -

0.90 1

0.85

0.80 |-

0.75

u

0.70

0.65 /

0.60 1 1 1 1 1 1 1 1 1 ]
50 52 54 56 58 6.0 6.2 64 66 68 7.0
Q

B 5 FRIFESCRES L BB R 1 SRS O RER

Fig. 5 Scaling laws between friction coefficient 1 and Q for soils

a=30

grout B (L)
% grout i (M)
* grout 1% (D)

at different density states

I 5+ 77BN, EBTTI & B, R
BN ARIE R SEG N, T UL T 52 B RS R A
HT A JFASTRL WA G FAZHEN N BEE 5
Bow 30 GEAEER LA ¢ ——XF L, KRR IA R I
TR G52 IR TR . 2B IR w(D), $D)IAE
AEWER IR 1 >107 )55 S 1) S)RURERUN RCR 8.2, {H
XPBURLAE RS 1<10° B PR FA I R B HT

PREERE, 7R T RN HERR S 2 D1 TR AR RE N . Ji
Rk B FORAES G = ARSI, g()RAR HEN 2
HRTEE 72 18 1 2640 N BURAA AR 4 ¢ & sE i, HOWORE
(R BEBEARRIE o LD 5 UKL B PR 1 PRI LG AR
AL BITA AT IR AR TEARTS, ORI R e
B Z AR g, BIREN : ¢, FK, HEBHAS LS 0=4¢,
[In(D+ali K, WK 6 x. HEtEkE, Bkl
I FORAS TR AE RS TE, KT R—F 4, fEFRFE
(52 T T CRURLAB I3 1 AH TR, REAMESE &
(IERLA)) PRV |y | AHIEDD, B2 S i ks
CH K IRL AR 20 5 ¢, ) F T H B o 1) B 8 iR P
P, X HE A
XFERAMER RIFATHRE, T FHIKRKIL:
u=50 (14)
Hr, WIAESHNE 2 R, FTRURIL, & RIS T
0.11,

[} [0} P

o
E 6 EERLHLHAIRI L ERNEEERETE 01<0
Fig. 6 Denser soils exhibiting greater frictional strength, 01<Q

MG A FER It bR P 2 i R AE AR A
HO BEBRRRPERORE I, I 5 705758 ST I FOIRZS HE
M

C

g=M.p (15)
XA E I TR S L 5 BER 252 MR RN
M, =64"/3-4) | (16)

FEE E H) G FOIRAS . (BEERED SFMF, BN
71 p, (=P) 5 BRLAAFR 7> B 5% F BT 28)
¢ _¢r]p
a ¢GC 4 (17)
A g, NEFARRLIE FORES T R 4G 6, 9
TSR I SRS T AR EG o NBHL

WRYE IR BECHEN], TR MERURI S8R « AT AR

b=

N
T=up, (18)
PABLR R UENIN AT, SR B A Pl S Bt ) 4
BB S BEE AR 1 2 MIEMKRFIRR (PAE), 5
I 57t 1545 AR 3 80 5 TE R P IR R Rt —
B, BN T ARAR A HO6T ok B B IE RS . B
Kk, SCEFT AT RIS R AT s ) R



1836 "+ T OB % M

2024 4E

FERURLAN R 7 AR BT, L FERORL 2R e KiAR: d
RRLE L pss BESIDIRAS do, 1ERLTJ P RIS B 3L T
|| UGS A e e, UL T BURLER 3 12 S
SYBEIEIE

=2 3 MR 2R RIE R R E RS S
Table 2 Fitting parameters of scaling law for obtaining triaxial test

data for three types of materials

M ¢
F-35 Ottawa i} 0.1021
"1 R 0.1173
GS*40 Columbia grout #» 0.1179
2.3 EFEHPEMAZMBEXXFR

HARE M 24T = N IPRE, BT
Ao trdp = (o, +20,) /3% & T o, Floy WgZm, &
H—BHEER IO, . Xiao FFPERH 120 mm
X 60 mmX 120 mm R FF i 31 =4 [ S5 HE 7Kk, B
T AERARRLSI7K R A 32 B 06 HEA J0R A ) 5 5

oM. 5l NEE S b fib A F N RN
b_02—03
o o, (19)
B [E] R Be g 5 % 0, 0.25, 0.5, 0.75, 1 JF

AL - BRI T, BV RE P R Fp N T S0
A b AEAE, INEGEFRNIEE R 1 mm/min. HdEAbEE
SERNEE 7 FR. FTLAURIL, FEAHFAEG 2640 R
JEEVE A 1 BEAE b AR RGN o

e B = SR P U RIS T O
psingo—%q{%sin@singo+cos@}+ccosgo =0, (20)
H NP HEM 05 b ZNFFE NIIRR

2b-1

&-ﬁ o (21)
121 .
11} .
1.0r hd
.
09|
0.8
£l
0.7}
]
0.6 ° ° ° ® h=0
L b=0.25
0.5 b=0.50
04} b=0.75
® h=1. 00

0.3 1 1 1
-16.8 -166 -164 -16.2
In (7)

—160 —158 —156

7 AEEBEER b 3 1 5 In()HEX MR
Fig. 7 Influences of intermediate principal stress on relationship
between x and In(J)
WAL B SRS 5 R BB A Rk 2 JE v
BENBBVE D) )R — 20, MR 5 4 R

Frm R S IRAEN . X TP =0, ¥ p=tange 1R £
X WE

1 cosf
ZsinGu+ 227 | =0 ) oy
pH~— q(3 i+ j (22)
IR BIE FORASES, SIS
_ H _ 1
Mc_l. cosf sinf cos® , (23)
—sinQu + +
3 B3

KHATPUE SN B ER B S (R 8
D) EBE RS uy o BREEI M=6 1, /(3— 1), H
[:Fl ,Llﬂ _tan¢ﬁ(cs){t)\/\itj"/f%

1
& _2[sm¢9 cos@ lj ) (24)
Bu 6
B TE LT N B E SR I SRS A BES SR FE AR 52
M o

NERAIR T R (R DESM 0 B H
Hob) RN, E L ANE SRR N
B p=plu,

ﬁzzy(51r319+0050+lj . 25)

Bu 6
FINFHI RN EL “H BN TR AR
M, K wtn(B-1) S HEFRS TR O=d[In(D)+a]Z
() SR VEAH GO, 1 8 AT/ o A — i35 6=0,
M = R TE p=1, B bR FEAE (A1 U 304N 2 5E o 32 B
FIIAREEEE (BRI (14)).

09
0.8
0.7
PO
—e——
= 0.6 e . ° .
4 0s
5 o4
= n=0.5, =30
03 ® h=0
02} b=0.25
5=0.50
01} b=0.75
* b=1.00

109 110 111 112 11.3
Q

0 1 1
106 107 108

[ 8 Wi ERN N RARA R DXHRE AR
Fig. 8 Influences of intermediate principal stress on scaling law

through intermediate principal stress number S

2.4 IERREWLE 9 5 THHEEER
AT T AR S BRI E R O, FTRRE R
FLHR&*Ei%@ﬁ%& ARTTHRT s SRS A
RN H S T BRI R R o ORI 1. DL R IR A
IIEL go I IIG FORAS PR ER . EIEFLERPY, Xiao
SB[ 25 HE K H = R 4R GRIQP A



9

VOB, S ISR B bR 1837

FERYIE S BN 3 P ), kB B I8 )i
Ja, WISSLBREL . BIUIEAR . BURDRAR IIEEWLMZIS
BB BRI . SARBEEE, 7T Db 3|
¢-In(DFIRKHR, WE 9 PFrox. TTULER], HIaAH
TN (RFIIRFLBR EERD s il FORES AR 7> Hi b
N

Al_p

*3 EERBSY

Table 3 Primary experimental parameters

WIRILBREE G dso/mm B R
0.360 2.72 14.39 0.6 mm/min
0.333 2.72 14.39 0.6 mm/min L5l
0.308 2.72 14.39 0.6 mm/min  %FBY
0.283 2.72 14.39 0.6 mm/min
0.189 2.69 26.48 1 mm/min
0.224 2.69 26.48 1 mm/min Xiao
0.285 2.69 26.48 1 mm/min B
0.317 2.69 26.48 1 mm/min
0.189 2.69 23.48 1 mm/min
0.224 2.69 23.48 1 mm/min Xiao
0.285 2.69 23.48 1 mm/min L1321
0.317 2.69 23.48 1 mm/min
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Fig. 9 Effect of initial void ratio on the relationship between ¢ and
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