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Fractional-order critical state model for soils in characteristic stress space

LIANG Jing-yu, DU Xiu-li, LU De-chun, HAN Jia-yue
(Key Lab of Urban Security and Disaster Engineering, Ministry of Education, Beijing University of Technology, Beijing 100124, China)

Abstract: The fractional derivative possesses the properties of describing the zero-order differential to the first-order one
consecutively, and the fractional gradient direction of the curve is no longer perpendicular to its tangent. The non-orthogonal
gradient law of fractional differential can be used to describe the non-associated flow rules between the plastic flow direction
and the yield surface of soils. Based on the concept of characteristic stress and the critical state theory, the fractional-order flow
law is used to describe the direction of plastic strain increment of soils in the characteristic stress space, and the fractional-order
critical state model is then established. The fractional-order differential and the characteristic stress are unified by using the
established constitutive model in the framework of the critical state theory. On the one hand, the deformation and strength
properties of soils under triaxial compression and extension can be directly described by the established constitutive model. On
the other hand, the method for determining the fractional order by triaxial tests is also given. There are only 5 material
parameters with clear physical meanings in the established constitutive model, and they can be easily determined by the
conventional triaxial tests. Moreover, the proposed constitutive model can also be simplified into the modified Cam-clay model.
Finally, the new model is validated by means of the test results from the conventional triaxial tests.

Key words: soil; constitutive model; fractional calculus; characteristic stress; critical state theory

it

0 3l

BLIE 17 05K, AR QISEI RN, 40500 i
PR CAHARE, (1 EREFE RN SRR, B
)20 {142 70 4EAR, MBS 5 R T A B4 %
SRR, AATIFHEEEE S A 5 . 4 5 R4y
TR AR OB 3, AR AT 9 ) 7 2 P
BT HATA,

HHT, S5 BRUNTE+ 20 b, F B
T FE 5 SO0 B 53 R e e R A 59 B — ik

0 R AR A SR i i P AR [ 81 T AR IR A 2 TR) AR A )
. Zhou 25U R 4 BN AR 43 7 4R H T AR BE R
# Abel Bz, HHIE 13T 0 B SR s A AR
PR, S 1O #A AR I R = i Bl . iR fE

25 20 FE 23 B0 SRR o B VR B0 IE T 2 L AR B A i

EE&TH: EXARREIEETHE (51522802, 51421005, 51538001);
e AR RS H SH (8161001)

kS HHEA: 2018 -01-10

*EIEE (E-mail: duxiuli@bjut.edu.cn)



582 Hs

T

2L

B ¥ Ok 2019 4F

HER, B Smit ZEHEH K B A A
Jefili A T RIS 5 R s B Sumelka
A OV F 43 B0 SRR 5% RSB PEREAT F 5, R 434
AR AL T BA AR IR R R R . ARIESS
P B T e Al e Bost mT LAAS H B R A  JT A
PSR B0 7 [ T LA JE AR B 2R 1E5E . AR IEAZIR
BIVE N IR ST A (5 PR AR R R SR 1 T 0
I Sun SN XAl BAT Ak IE SR R 08 7
YO 2 AR UL - S5 BIOREARHI) 0 25, il 51 N
Li SCHE RS 8, @ THED L. WA
SEYARASVE S AR I AR AL

M FH 73 B SRR 733k A (K SRR AR T I 7S i A
F15 AR BL DT - I B AR AR N R v
H1 3 LUK AR 2 G R B B i 2 2 ACRE A T Hiid
AR =B RS T AT S R R, HLBCH W
(il TR fr R 23 B 28 B e 4t i 1
i SRS LAz = behr o AN R R AR T 5 i P A PR AU
T 5B YR F1 ST M RS R PR
(K14 HH N i pRIX— RO T B (K B A 53 . R
RFALE IS 73 1] 0 25 i [ B 0 T3 s e 3 7 ) 25
()R R 5 3 8 ) e e BRI, FEARRAE B ) 2% [
{Fy 37 Fy A A AL AT DL 2 0 A = e A
RN SASE X i

ARG B PR SRE R RS, BT
A 109 0 B A KA 1o AN BE it R - (i FOIRAS 5
IR R ARSI 5 amE REE, BR R Y ) 2 )
o R 23 B e FDR AR, 4 H 3 S Uk 1 W 1
SEJT . WIRPEIS A4S &5 TANRE IS N SE A £
FER H AR S s B AR MEREAT R 50 b, x93
TR 7T R B HERE = 3

1 DM MFER D SHFIERN T
S BN R A E 2 I BN TR A Y R A
LI TR T TR AL T B IR R T B TS
R 3 A3t 0 = J SR 4 S A K24 T AR RS T
BRPEEREVE SR AL TSR . s SR (AR ST
S AN TR BN T G B (R
1.1 BN
Caputo 743 BUWA 18045 19 5 SR 95 7 Stk EL
RS 0 TRES 2 R T B AR 5 TRRERRE.
Caputo B43 BN 53 2 S A A K
N B A A )
D! f(x) Nﬁ—uﬂ;u—wr*"
Kh, D FF Caputo B u Sy, T()N Gamma
R, ENTx) =] e e de, x NEZR, f£4

dw (x>a), (1)

PR RS e SO AR O LT AT R PRAS, o AR
PR, n A2 KT w B/ INEEL, n=[1]+1. 24 n=1 B}, 0<u
<. NITERNA, 45 R 800 B i i BAR Rk
3
C o gomn F(m+1) _
o Dy (x )—mx @
Hrdr, HEH m>—1. B9 TR a=0 B, B A% x 1
Caputo B! u B {5338 n] DL 73 755 0" fox " KRR .
3 E AR 3 AR — LG a7 5 1) R B AT A, X
545 4 i) 23 B AR 4 g 37 b A KRB R A A i
T =R AN LA SRR, MAREE S
A = AR AR SR A N AR T S R R
1.2 $HERA
REAE I D g Y, I R T T AR LR
Mg —smEHEN.. 58 o, (=1, 2, 3)RELZITIR
BHXIRL, $FMER T ¢; (=1, 2, 3)WWE LT iz
JIRE S 5 LR =B R iR R, HRE N

B
¢ =p, [ij (i=12,3) ,
y2

X, p NSHER), LR 588 82—
B, A3 p UM 1 KPas By RS PR =
JEsRFEL I ZE, BARTE TR 3.1 1 R
8] R TERL AT e M) CBIRE ) e FEARSCRIR N
¢, =1/3(c,+¢c, +¢c) »
c, =x/5/2\/(c1 —¢) +(c,—¢;) +(c; —¢)’ o} @
LAt 38 S g 2 ) BB N T G q/p=M P i
SHUEA R NN EEEEA o I M=6sing./(3-sing.)
RiH o FFACR A A, RFERNAT EE edea=y FEIR TR
KA T IERRHAE R 25 B T BN A B Py Wi
L g5 KRG, HiRFEAaH
(1+sing )’ —(1-sing, )’
F=3 < ¢
(1+sing,)” +2(1-sing,)’

€)

)

2 $HEN A= E PRI D HMRE
ERPAIE IS 25 ] o 43 O s MRS I T L
TR AR LE BB MAR ARSI, I PR R
TIFBTUAT 55 B RS 7 e S A TR A
i - P KRB 28 P AT S R A
“HMTANT, ML, AR %
Hii A A HEER I (L
2.1 EREH
LARTERFBAE T FRTEBIR, RS
YRR . AR % A 7 R LA
GRS — SREHE I (BT DT 4% T R4 T



%3 PvET, & RHERL A AN A 2 B I RS B A 583
T8I MCC 58 AL BRI T Jet Ji 170 R Je B ik R 2007 bt

f= 252 +cl—-cc,=0 (6) sor NS %4

£ \ WX,

H, B RS BRI ERASH, R B i %;T:“’O & #
BB R AR, MR VR 3.1 . e NJEIRZS Y ol dd .
BEALBR A5 28 U B 45 D048, #6372 i s Efg:g
TR AN, O T B A AR A O () R R 0 50 100 150 200 250

i, HARFGAAM 2295, [ =11, B=M, X (6)
AT LB A A 38 B 77 25 8] H RS TE S A 4R R i AR B
2.2 JEIE3TRENEN
I3 U Tk o075 380 2% 140 43 BB 6 P2 T TRl AN i 5
RV, R B o X — e ST
AR 1E RS W BhiE BT 2y Bl R e e e
I, SRR AR E T LIRS A
deP =da- of , (7)

H
0y

A, dARIBIER T, 0" f /00, Fyitid o Hb i o
HEBYERENT . 2 p=1 B, X (7) BN
GRS ANEN], BYERAN T S IR R A Y
O<u<l W, HIBVEFRZNIT FAS 126 BT i Ak ih 2k i
—E I o AFAER ) 2 A A AR IEAZ S i T A
RIRN

"
def =dA- 0 ]; o ®)
60,./.

VRS 77 723 18] A Jee A R A £ 0 9 B8 1 2y AR
AT (8) BRI S BIME IR 5h 51 4R 2 B i o =
(2), JEMRRE (6) X o 5 s 3K u 13
s GRS CU O
oct T(G-w) S rQ2-w
ﬂ:%._r(?’) CSQ-# , (10)
ac B* T(3—p)
R Gamma BREIPER [E+H)=zT() L & [(n)=
(-1, =0 (9 Fxk (100 HATEE AT LIS H
6"f: 2 cf—(1—,u/2)cnxcn . (a1
oct T'(G—p) ct
auf B 2052*#
oc  BT(3-p)

M B=18, c=p, c=q, JERRECRMLNIEIES]
MRS RS JE AR B . B po=200 kPa i (1) Je AR T 28 A 45,
W p=1, 1=0.6 F1 4=0.2 Z4F T YRS 7 M W& 1
Fiome BTCAUEH, ASE B O] LU B ] i 28 4
B iIn . MAESER A 2507 ) b, BEVEREN T a4
WA, Ao B IR w s2, X IERFA T
T8 55 v [ 25 s 4 S5 A T IR AR T R4 o

(12)

Cu(=p)/kPa
1 B =1 RfERRZ K& B R BN 58
Fig. 1 Yield curves and directions of plastic flow when f=1

AR e e K C6) AT DARERAS HY 2 82 IR A

XRS5 T ener RIEN
c,=(cl+Bc)/ Bc (13)

Wl g5 7120 (13) ARNX e, I E sy =0 (1D
A DLREFRAS H 20 R 3 e B2 B I35
LY

2

;‘{ TG —1u)c,," {ucf —(Z—u);} - (14)
MR AT WAL, 456 T8 IR O ¢ 11733
PR (14) 55 e BB R (12) ATl
HHRFAE IR g 225 8] rp B8 1 4 7 A Y 5 SR B S AR I
Z o de? /deP =d HRIERIATEL  Z T 26 R
_del _9"f/oc, _wB -Q-pwy’
Tde? o'ffact T 27"

, (15)

X A5 Frfdf R mE T, BB A »
AN, BETENARHI R L d (AR, SR R N AR
$E &5 1] AR

Lho=35° , p=0.4 Jy5l, B A u (AEFT LAARYE 3.1
TS HIIAE JERH . pe=200 kPa FH L =%
JEAE RN ML) A5 BRARINE 2 e A 4,
A P R VARl R | iy b R A
PR AR R &7 i 2 (a) s W RIS InEod 7
v e AT S AR DT R AR A BT 2 (b)) BT
FEVIUEINERIT A, 18, DU YRR RIAR, B BETE BT N
Ao WG N HIEEEINE] )10 00 3 B2 x=F 112
A — R B R A T AR ), AN RS B 2
VRSN [F) M KPS S BT ), e A 3
JS2 A3 5548 N A AN B AR, B AR 5 5 e ) i TR

8~ P=0.4, B=0.897, 1=0.558

— BRI
ol — WH=HERRR x=F
Az
£ | mmiz
< 4r deP
< d=d—g§
2l AN e
de}
1 Al 1 1
0 3 6 o 9 12

ca/kPa
(a) INERZEFERL ) Lot i B PR 3l J7 1



# £ T B % ik

2019 4F

584 =
12
p=0.4, B=0.897, 1=0.558
10F —— mpyah
| =R RS
£ ol z=F
S| ER Ay
X3
4 L
X2
2+ X1
1 All e

1
0 2 4 6 8co10 12 14

cp/kPa
(b)) e 5 v 28 e i 3 Jy 1 2R 4k

2 $HEN =B EB R E AT (8

Fig. 2 Plastic flow direction in characteristic stress space
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Table 3 Material parameters and model parameters
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